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Nonperturbative theory and computation of the nonlinear response of He to dc and ac fields
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We have nonperturbatively computed dc-field tunneling rates, linear and nonlinear dynamic polarizabilities,
and two-, three-, four-, and five-photon ionization rates for He, for frequencieshe rangeiw=4.9-26.4 eV
and for intensities in the range X8.0'%-1.715< 10"*W/cn?. The calculations systematically incorporated
electronic structure and electron correlation effects in the discrete and continuous spectra, while the two-
electron state symmetries wet8, P, 1D, 'F, G, andH of even and odd parities. The calculations were
made by implementing a time-independent many-electron, many-photon theory which obtains cycle-averaged
energy shiftsA(w,F) and energy widthd (w,F) nonperturbatively, wher& is the field strength. These
guantities are the real and imaginary parts of a complex eigenvgl(ibe result of the overall calculatipn
after the subtraction of the unperturbed real endtgy

PACS numbse(s): 32.80.Rm, 32.80.Fb, 32.10.Dk, 42.65.An

I. INTRODUCTION many-electron problemWhenF is added to such a state, a
new and more complex problem arises, in general; the time-
In this paper we consider the many-electron problem oindependentnany-electron, many-photdMEMP) problem.
ab initio calculating the respondéinear or nonlinegrof an  Its quantitative solution allows a determination of cycle-
atomic state to an external dc or ac field in the dipole apaveraged observables, such as energy stE®s), rates of
proximation. The formalism is time independent. The corretunneling(T) and partial and total rates of multiphoton ion-
sponding form of the Hamiltonian is knowfsee Sec. )| ization (MPI), which are calculated in this paper.
while the observables are averages over an optical cycle and The computational and interpretative challenge of the
depend on the strength, frequency, and polarization of th&EMP problem is created by two factorét) the diversity
field, which is supposed to have been turned on adiabaticallsgnd complexity of the structures of the discrete states and of
and to interact with the atom at constant intensity. The atomthe multichannel continugwith resonances and (2) their
field interaction causes the mixing of atomic states, with coninterplay with the field characteristics, especially for strong
comitant observable phenomena and properties associatéidlds. One drastic reduction of the related formal and com-
with energy shifts and transitions to, from, and within the putational difficulties is achieved by resorting to models—
discrete and continuous spectra. The number of publicationsven one dimensional. However, given the now available
on the theory of such properties is large, ranging from purecomputer power, it is much more appropriate to treat the
formalism and phenomenology to calculations based omphysics ofN-electron atoms and molecules in terms of the
models, or on empirical imput or on first principles, without N-electron Hamiltonian and wave functions, whereupon re-
or with significant approximations, depending on the numberductions can be made depending on the &ptand property
of active electrongone or manyand on the order of pertur- under consideration. The prerequisites for a reliable quanti-
bation theory with which a property is connected, or which istative treatment include the capacity of theory to implement
deemed necessary by the strength of the interaction. For rén a tractable way advanced methods of computing electronic
views the reader is referred f@—8]. The terms in the atom- structure and scattering, just as this is necessary with ordi-
field Hamiltonian describing the interactiofisonrelativistic  nary spectroscopic propertigg.g., one-photon absorption
or relativistio which characterize quantitatively the mea- oscillator strengths or fine and hyperfine structure
sured quantities can be classified as follows) The one- As regardg?2), it is customary to distinguish two regimes:
electron atomic structure operators. The strength parameteriise weak and strong-field regimes. A rough distinction is
that of the nuclear chargéF) The one-electron atom-field obtained by comparing the field-strengtin a.u) with the
interaction operators. The strength parameter for the fixethinding energy(in a.u) of the outer electrais) which are
photon frequency is the field strengliC) The two-electron active during the response of the state to the external field.
atomic structure operatorgCoulomb or Breit-Paul). For  When the field strength is orders of magnitude smaller, one
N-electron atomic bound, autoionizing, and scattering statemay expect to deal with a weak-field regime, a situation
of the Hamiltonian composed @ and C, computing their  which is formally understood in terms of the expressions of
wave functions and properties constitutes the essence of thewest-order perturbation theofiyOPT) in the series expan-
sion of the field strength. This last statement may serve as a
definition of theweak fieldfor the quantitative interpretation

*Electronic address: thmerc@eie.gr of a quantity associated with anphoton process: when the
"Electronic address: stheme@eie.gr measuredmeaning accurajeuantity is produced exactly by
*Electronic address: can@eie.gr the corresponding expression from LORassuming the cal-
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culation can be donethe weak-field regime holds. How- structure and interchannel coupling were later reported from
ever, even in this case, the many-electron aspects introducedlculations based on the time-dependent Stihger equa-
by C, and the requirement of computing explicitbum over tion [21].
state$ or implicitly (inhomogeneous differential equations In addition to calculations and analyses of MPI rates with-
the contribution of the complete set of states of the discreteut and with the presence of a dc field, and of dynamic linear
and the continuous spectra, makes the calculation of nonlirand nonlinear polarizabilities of the ground states of dhd
ear ionization rates and polarizabilities for polyelectronicLi~ [16—20, applications of the MEMPT with correlated
states quite cumbersome even at the LOPT level, especiallyave functions have demonstrated the effects of above-
when the desired order of perturbation is high. threshold detachment without and with a dc fig2@], of the

In support of the above comment, we refer to REfs-§] polarization of doubly excited staté®ES’s) [23], of transfer
and[9-13] for work on the ground and excited states of theof the frequency-dependent polarization, of the autoioniza-
H atom and to Refd.14], [15] for work on the He ground tion rate and of stabilization through state mixing in DES'’s
state. For the latter, which is the state investigated in thi$23,24 and of magnetic fields interacting with DES85].
paper, Liu's[15] recent LOPT calculations up to the 15th Furthermore, fundamental aspects of this theory were also
order have provided benchmark data for frequency-adopted to the formulation of a quantum-mechanical ap-
dependent nonlinear susceptibilities at four frequency valuegroach to the calculation of pair correlations in the continu-

If the measuredaccuratg quantity does not agree with ous spectrum, in connection with the problem of computing
that which is computed from the LOPT formulation, the field single or MPI rates of double-electron ejection at and near
can be defined astrong This implies that higher-order the ionization threshol{26].
terms contribute and that there is no exact equivalence be- Here it is to be noted that in more recent years the incor-
tween the order of the physical procggsg., n-photon ab- poration of electron correlation and atomic structure into
sorption and the LOPT expression. In principle, there arenonperturbative, time-independent calculations of rates of
two possible remedies. One is to compute terms beyoniPI of the ground states of Hand of Li~ was also achieved
LOPT, until good convergence is obtained. This has not yeby the collaboration of a few groug27-29 via a Floquet
been done for a polyelectronic state. The other is to desigformalism combining the complex coordinate rotati@CR)
the whole calculation within a nonperturbatipeariationa)  method(see Sec. )lwith R-matrix scattering theory for the
framework, where ES’s and the ratesTodnd MPI are com- treatment of the asymptotic functions. The same approach
puted to all orders. In this case, provided the formalism isvas applied by Purvigt al. [27] to the calculation of MPI
suitable and generally applicable, the accuracy of the calcuates in He, quantities which are also calculated here, albeit
lation is subject only to the quality and the physical rel-for a different and broader combination of frequencies and
evance of the function spaces used to represent the statesiofensities.
the discrete and the continuous spectra when calculating the In many cases, the results of state-specific MEMPT cal-
matrix elements involving operatoss F, andC. culations on field-induced properties of HHe, and Li" are

The work presented here deals with the theory and comverified quantitatively by conventional calculations of much
putation of strong field properties of H&. It was carried larger scale. For example, consider the dynamic polarizabil-
out by implementing the nonperturbative MEMP theoryity a(w), of H™. Kutzner, Felton, and Winf30(a)] used the
(MEMPT) that was formulated in the mid-198(046—20.  accurate photoabsorption cross section previously obtained
The end result of the computation using the MEMPT is aby Geltman and the dispersion relation between the real and
complex eigenvalue whose real part is connected directly timaginary parts ofx(w) to computex(w) (rea) for w below
the field-induced energy shift and to concomitant linear andas well as above threshold. The agreement between the
nonlinear polarizabilities, and whose imaginary part is theMEMPT results[20] and those of Ref.30(a)] is very good
cycle-averaged rate of the ionization of the state under invessver the whole range ab values[see Fig. 1 of Ref.30(a)]].
tigation. This approach, which is explained in Sec. Il, wasComparisons can also be made for the static hyperpolariz-
first applied to the H and Li~ ground statef16—20, which  abilities y. For He, Nicolaides and Themeli81] reported
were treated as many-electron systems and not as ong=42.78a.u. The earlier full configuration interacti¢@l)
electron models. A number of conclusions were reached folresult of Jaszunski and Rod82] is 43.7 a.u., while the
lowing the analysis of the results. For example, it was reL.OPT calculation with a large nhumber of, basis sets by
ported for the first time that the then existing qualitative Bishop and Pipif14(b)] gave 43.104 a.u. An earlier such
discrepancy between calculations based on models of thealculation by Bishop and Laifl4(a)], wherepp-type con-
negative ions and oab initio theory should be resolved in figurations had not been included, gave 41.90 a.u. For H
favor of calculations using models, and that much of thethe authors of Ref{20] obtainedy=7.6x10" a.u., a value
essential physics of negative ions in strong ac and dc fields iwhich was confirmed within 5% by Pipin and Bishg0(b) ]
caused by final-state effedt$7,18. In the case of low-lying who obtained 8.02 10" a.u. Finally, for Li", the authors of
excitation of Li~ studied for the first time in Ref17], (upto  Ref.[19] reportedy=>5.1x 10° a.u., while at the same time
and including Li 15°2p 2P° threshold, these effects were Archibong and Thakkaf33] obtained 12.% 10° a.u. from a
identified as ‘even or odd shape resonances, interchannetoupled-cluster calculation. A more recent calculation by
mixing and field-perturbed free electron orbitdls (Ref.  Sauer[34] at the full CI level gave 5.681C a.u. in very
[17], p. 49. Further analysis of the effects on MPI rates in good agreement with the MEMPT result.
Li~ from the interplay between field intensity and electronic  Although theab initio treatment of a state of an atomic
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negative ion requires a careful consideration of the details o&s a function of field strength. As is well known, its explicit
the radials of the zero order and of the correlation functionsonsideration complicates theory as well as computation. A
when computing nonlinear response properties, the compusignificant practical step in the possibility of including the
tational advantage from the point of view of economy is thecontribution of the continuous spectrum in a nonperturbative
fact that they lack an intermediate discrete spectrum. It is focalculation of field-induced ionization rates was made in
this reason that only Hand Li~ were chosen by us initially, 1976-1978 by Reinhardt and co-worké42,43. They used
at a time when our computational facilities were limited. In Hy.[Eq. (2)] for the 1s state ofH, and applied the procedure
the meantime, much better such facilities have become avaibf CCR developed earlier by Doolen and co-workiei4,45
able and calculations ameutral ground and singly and dou- for the calculation of atomic resonance states. Reinhardt and
bly excited states have been carried out regarding dc-fieldzo-workers empirically found that the complex pole corre-
induced T rates and static linear and nonlinear sponding to the dc-field-induced resonance was identifiable,
polarizabilities e.g.(see, Refs[30, 35-3§). although the original mathematical theory of Aquilar,
In this paper, we present results of an extensive study oBalslev, and Combep46] for the spectrum of the rotated
the response of neutral H& to weak and strong dc and ac Coulomb HamiltonianH(6), r—re'?, did not apply. We
fields over a broad range of intensities and photon frequerrecall that the full spectrum oH(#6), including possible
cies below and above the ionization threshold. Specificallyresonances on the second Riemann sheet, is revealed, al-
for the dc-field case the strength range is 0.06—0.20 a.u. Fahough only£? basis sets and no energy-normalized scatter-
the ac field, the intensity ranges from %%0'? to 1.715 ing functions are employeThe applicability of coordinate
X 10%*W/cn?, and the photon frequencies range from 4.9 totransformationgrotation or translationin the case of com-
26.4 eV. plex energy resonances induced by electric fields has been
The paper is organized as follows. In Sec. Il we discusexplained from the point of view of regularization of the
the background and methodology of the MEMPT. In Sec. lliresonance eigenfunctid47].] At the same time, Chu and
we present our results for the nonlinear response of He t®einhardi{40], and later Maquet, Chu, and Reinhafdi],
strong external dc and ac fields. Tunneling and MPI rates araoting the similarity between the Hamiltoniaf and (2),
provided for intensities up to 1.7¥510'*W/cn?, while us-  extended Floquet theory to include the continuous spectrum
ing the results on ES'’s for low strengths, linear and nonlineaby using the rotated Hamiltonian,{ #) for hydrogen. From
dynamic polarizabilities are obtained. Section IV summa-he calculated complex eigenvalues laf{#), which was
rizes the essence of the MEMPT and its present applicatiodiagonalized on a large basis of generalized orthonormal La-

to He. guerre functions, they obtained frequency-dependent one-
and two- photon ionization rates fé,. ranging from 104
Il. THEORY t0 0.20 a.u., and presented a thorough analysis of the method
and its results(For extensive discussion and applications of
A. General the CCR Floquet theory, see the reviews by 48] and

Assuming that the external ac field is turned on adiabatiPotvliege and Shakesh4#9].) .

cally with respect to the atomic state with which it interacts, In the CCR Floquet method, the coordinate transforma-
the fact that it is periodic with time allows a formal descrip- tion r—p=re'’ is introduced in the Hamiltonians 4. and

tion of its interaction with the atom to be done in a time- Hac, Which are then diagonalized on a large, single basis set
independent framework, whereby the computed propertie§f £2 functions. The method searches for the proper complex
are averages over a field cyd,3,39-41. This description €igenvalue, whose imaginary part gives the rate of field-
goes under the generic name “F|oquet theory_” In this Case!ndUCEd ionizatior(FII). However, brute-force diagonaliza—
the total Hamiltonian for linearly polarized monochromatic tion of Hamiltonian matrices of-electron function spaces
light along thez axis in the dipole approximation with fre- made up from a single one-electron basis set is very uneco-

quencyw is given by nomical even for the calculation of wave functions and en-
ergies of free atoms, especially in correlated excited states.
Hoo=Haomt fiwal a,— tFz(al + a,), (1)  The situation becomes much worse, not only for obtaining

results but also for understanding them, if one wishes to
whereal(aw) are the photon creatiofannihilation opera- diagonalizeHy(#) and especiallyH () in this way for
tors, andF,. is the field strength in a.u. (1a:5.14 N-electron states, as a function of frequency and intensity.
x10°V/cm). In the case of the dc field, the total Hamil- The aforementioned bottleneck in dealing with polyelec-

tonian is tronic states, which essentially characterizes any many-body
problem for which the adopted approach depends on the di-
H ge=Hatom— 3 FacZ, (20  agonalization of large matrices constructed from single basis
sets, is bypassed in the approach to the MEMP problem,
whereF 4. is the field strength in a.u. which is described in Sec. II B.

Given the fact that the stationary state spectruril fom
contains square-integrablel) discrete as well as energy-
normalized scattering states, it is clear that a rigorous treat-
ment of the atomtfield system, whose Hamiltonians are  Fll in the time-independent picture can be conceptualized
given by Egs(1) and(2), involves the continuous spectrum in terms of field-dressed states interacting with the con-

B. Many-electron, many-photon theory

013407-3



MERCOURIS, THEMELIS, AND NICOLAIDES PHYSICAL REVIEW A61 013407

tinuum, in analogy with autoionizatidis0,51). Accordingly, — —p*=re'?, so that only one set of orbitals in,, represent-
the framework is that of one or more discrete states mixindng the outgoing “Gamow” orbital, has its coordinates ro-
with one or more continugopen channels In the case of tated bye '?. The optimization of¥ of Eq. (5) is thus done
autoionization, the mixing is due to an effective interactionin two steps.
intrinsic to the atomidmoleculay Hamiltonian, whereas in The first step involves the calculation df, of Eq. (5)
the case of Fll it is due to thEl 4. andH,.. The type, num-  with functions of real coordinates with a real eneigy, as
ber, and magnitude of interaction matrix elements involvingwas emphasized in the 1978 papgsg,53. This is a many-
operatorsA, F, and C and containing the physics of this electron problem with particularities, since it involves ex-
problem, depend on the initial bare state, on the spectrum dfited electronic structures representing autoionizing states.
the system under consideration, and on the frequency, polaFor a two- or three-electron atom, one can in principle tackle
ization, and intensity of the external field. it by direct diagonalization using very larg¥ basis sets and
As regards autoionization, a series of papers in the latgelection criteria for the relevant roots. However, it is more
1970s [52-54 provided the basis for the many-electron reliable, efficient, and general to apply state-specific methods
analysis of resonances and for their computation in terms ofuitable for arbitrary excited states Nfelectron atomgsee
separately optimized functions spaces, reflecting the physidRef.[56], and references thergiriThe second step involves
of decay. The corresponding fundamental equation is théhe construction of the complex Hamiltonian matrix using
complex eigenvalue Schilinger equatioCESE Eq. (5) and its repeated diagonalization by varyifégnd/or
nonlinear parameters ia, for each expansion length, until
(H=29)W(r,zp)=0, (3 an acceptable stability for the complex enemgyis found,

wherez, is complex,zo=E—il'/2, andW¥(r,z,) obeys the subject to conditions

outgoing wave boundary condition Rezo~E, and [(¥|¥y)|=max. (6)

W(r,z0)~b(z)e™R, R—ox. (4) The above concepts and procedures have been adapted

directly to the FII-MEMP problem by us, usindy. andH .

[16-20,24,4T7as well as the quadratic Zeeman operafsi.

Now, however, the construction and solution of the relevant

matrix equations is much more demanding in practice. As

the potential (e.9., Coulomb, short-range, linear, &tc regards' the size .of the calculation, the nature of t_he electro-
o ' ’ ' " magnetic perturbing operators forces a consideration and cal-

[47é54];:onsiderin either the phvsics of a decaving stat culation of many more state-specificelectron “real” and
y 9 pny ying e‘complex” functions. For example, in the case of the ac

[52,53 or the reduction from Fano’s stationary state formal'field, the dipole approximation requires the inclusion in a

ism[47,54, two results relevant to the MEMP approach per'sequential manner of “Floquet blocks” of increasing angular

t_am to\If(r;in)e. T_he first is that the coordinate transforma- momentum symmetry, until convergence is achieved for a
tionr—p=re'’ first proposed for short-range potentials by given o andF
ac-

Dykhne and Chaplik55], regularizes the resonance function The methodology of the MEMPT is as follows: upon per-

. 2 . . B
and T“.a"es HC® This qhange n th_e asymptotic boundary turbation by the external field, the initial bare staltg ac-
conditions allows the direct and unique connection betwee uires the form

W, (r), the £2 wave function of the “bare” state with en-
ergy Eo=(Wo|Haon o) ON the real axis, an® (p), the £2
resonance function with complex energy= (¥ |H yonl ) Wo(N)—W(p)=2 @ a(0)|¥i(p);n)
on the second Riemann sheet, withZgeE,. hh

The second result pertains to the formfp). This form
consists of two parts. One represents the initial st +2 b n(0)]X;(p);n), (7)
before the effective interaction Ves=H—QHQ, Q Jn

=|Wo)(Wol, causes its decay. The other paxis, which is  \herew; denotes bound statéscluding the initial ongand
essentially a small but crucial addendum, represents the cof;czjized parts of autoionizing stateX; denotes thel?
tribution from the outgoing wave. This idea was expressed ifiscattering” states of one or two electrons in the continuum,
Ref.[52] as a normalization procedure subsequently namedy,qn denotes the photon states. According to the discussion
“exterior complex scaling,” and in Ref$53, 54 interms of oy ove ther? W (p) satisfies the CESE

forms such agRef.[53], Sec. ¥ '

r stands for all the coordinates collectively,is the radial
coordinate for the outgoing electron, tieompley coeffi-
cient b(zy) is proportional to the outgoing flux, and the
(complex constaniN acquires its explicit form depending on

(Had p) —20)¥(p) =0, ®

where, formally, all complex coordinates are rotated by an
angle 6 sufficient to make¥(p) square integrable. Substitu-
where u,, are trial complex basis functions. In fact, when tion of expansion7) into Eq.(8) yields the matrix complex
actually constructing the Hamiltonian matrix, invariance eigenvalue MEMP equation

properties such as  (Wo(p)[H(p)|Wo(p)) )

=(Wo(r)|H(r)|Wo(r))=E, allow the back rotationp HX=20X, (99

V=U,+ > ayp, (5)
n
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where (Xi(p);n[H(p)|X;(p);n)
[A+20] U ] =nﬁw5ij+<xf°fe(r)
0 At+oel U 0
A= O A U (9b) ®2k i or(re ) Ha(r)|XS"r)
0 0 A—wl U
0 A-2i o3 centre™). e

A is the free atom Hamiltonian matrix in terms of the basis (Xi(p);n[H(p)|X;(p);n=1)
set of Eq.(5) andU is the interaction Hamiltonian matrizg

is given by :<Xi00fe(r)®2k cf(i)gok(re‘ia) ng:ore(r)

1
_EFacZ

Zo=Eg+A(w,F0—3iT(0,Fy), (10
2> ci,ﬁ)qom<re“9>>, (14b

where A is the energy shift fronE,, andI is the energy m
width of the dressedresonancestate.

When using expansions such as E5).or (7) in the cor- (Wi(p);n
responding CESE's, it was argued in R¢fs3] and[16—19
that matrix elements involving bound-state wavefunctions =(w.(r)
remain invariant under the back-rotatipe™'’=r, with ob- '
vious favorable consequences as to the type and economy of
the computation of, in the complex energy plane. In the
case of the present MEMPT, the bound matrix elements have
the invariance properties

H(p)|X;(p);n+1)
SERULED> c<k”<pk<rei”>>.

(140

1
_EFacZ

Expansion(7) and the above invariance properties of ma-
trix elements reduce the MEMP problem into two overall
types of computation. The first type focuses on the accurate

(p): t e
(Fi(p)inlHa(p) +hwaga,|¥i(p)in’) calculation of state-specific, correlated functions for the

=(W,(r):n|Ha(r) +fiwal a,|¥(r):n") bound and autoionizing states, thereby accounting for the
¢ . bulk of the many-electron calculations which are carried out
=(nhw+E;djj)dnn, (119 only once on the real coordinate axis. The second type aims
at the optimization of the orbitalg, and their coefficients
(¥i(p);n|— %Facze“’(aLJr a,)|¥i(p);n=1) c) which correspond to each decay channel defined by each

X{*"®and photon occupation number The matrix elements

of the building blocks ofHg [Egs. (9a, 98] A andU are
calculated in terms of two categories of functions. The first
category involves functions of real coordinates, obtained ei-
ther numerically or analytically, which represent bound
(W;(r)) ionic core (X{°'q(r)) or autoionizing states calcu-
hated at the multiconfigurational Hartree-Fo@kCHF) level
with or without the addition of more correlation vectors. The
second category containgey(r)), which are rotated
(ex(re™'%) while remaining£?. Because of the separation
of the function spaces and of the consequences of the invari-
ance properties, the size of final matrices in the overall cal-

) ) ) ) . culation is sufficiently small so as to allow rigorous and re-
The L7 rotated orbitalel (¢) is expanded in terms of a basis |igple calculations on polyelectronic systems.

=(W;(r)| = 3F a2/ ¥(1)). (11b

Equations(11) imply that these matrix elements, including
the ones involvingV', are computed only once, on the real
axis, and are kept fixed when searching Zgr

The £? scattering stateX;(p) can be written as a sym-
metry adapted product of a bound correlated core rotated i
the complex plane and of orbitalas yet unspecifiedcorre-
sponding to each decay channel

Xi(p)=X{"(p)®el(0). (12)

set with real coordinatess(r): The 6 dependence iy results in ad-dependent MEMP
matrix Hg. On the other hand, the exact eigenvailyd Eq.
8|(g):2 cul( ) @i(r). (13 (10)] is 6 independent. This implies that good convergence
K

exists when for a reasonably large rang@ehlues, for each

digonalization the complex eigenvalue corresponding to the
In our work, ¢(r) are chosen as Slater orbitals and theirinitial bound state wave functiol , remains essentially the
number is augmented until stable results for the complexsame. The state-specific, physically transparent choice of the
energy are obtained. The matrix elements involvigp) function spaces of Ed7) allows the direct identification of
satisfy the solution vector from condition).
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C. Solution of the matrix eigenvalue equation

The infinite MEMP matrix of EqJ(9), I:|s(0), should be

truncated at a point which allows its practical diagonalization

PHYSICAL REVIEW A61 013407

We emphasize that this method requires the invertion and

diagonalization of matrices of the order Afando, while
taking into account the photon states to any order. Thus, the

without sacrificing the requirement that the results haveomputational efforts in the MEMPT focus on the accurate
reached convergence. It follows that some thought has to beonstruction of the block matriced and U, which is

given to the way the diagonalization bify(9) is carried out,

achieved by incorporating all those correlated wave func-

especially since its direct diagonalization is not convenienttions which affect the multiphoton process.

This inconvenience is circumvented by writing the eigen-

value equatior(9) as an infinite ladder of equations
UXn-1(60) + (A+nw)Xy(0) + UXp, 1(0) =2oXn(6),  (15)

wheren runs from—oo to +oo, | is the unit matrix,X,(6) is

the part of the complexified eigenvector corresponding ta,

photon numben, andz, is the eigenvalue. The introduction
of the “shift” operatorsP,, andQ,, that have the property

Xn: ann+11 Xn:Qan—l (16)
results, via Eq(15), in the recurrence relations
P.=—[(A+nwl -zl +UP,_;) 110,
Qn=—[(A+nwf—zof+0Qn+1)‘1]O, (17)

Thus, the diagonalization of the infinite matﬁig is reduced

D. Calculation of linear and nonlinear polarizabilities

The calculated complex eigenvalue of E@O) provides
the multiphoton ionization rated;(w,F,.), as well as the
energy shiftA (w,F ). For the static case, the expansion in
Taylor series ofA g4 provides the definition of the linear
nd nonlinear polarizabilitiefsee, e.g., Ref[58]]. For at-
oms,

Agaic= — (1/2) aF 2 — (1/41) yF§— (1/61) SFE—- -~ .
(19

For the dynamic case, the solution of E®) can be
achieved with more than one ac field of different frequencies
and/or static fields. Until now, we have restricted our work to
a maximum of one ac field and one dc field. When one ac
field of frequencyw is present, we have used the following
series expansion fak(w) [19,20:

Alw)=—(1/2)) a(w)(Fycod wt))?

to first solving an eigenvalue equation, of finite dimension

[Eq. (15), n=0]

UX_,+AXo+ UX,=20X,, (183

which is then transformed, via the “shift” operatoRs and

Q. to

(':JP,]_JFA_F OQl)XOZZOXO (18b)
The matrice®_; andQ, are infinite continued fractions, as
can be seen from E¢17), with n ranging from—o to +co.
The inverse of the matrix,
MOZZOI_A_OP,]__OQ]_, (18C)
is the “elastic resolvent” of the continued-fraction perturba-
tion theory in matrix form[3]. For the model case of>22
matrices, we can solve analytically Eq48b) and (18¢) by
setting the determinant &fl , equal to zero. The results thus
obtained are identical to those of Autler and Towhg4|.

The solution of the eigenvalue equatiob8b) must be
obtained self-consistently, since the matrides; and Q,
depend on the eigenvaluag. In practice, the infinite contin-
ued fractions?_; andQ, are truncated at some large value
of N, for which we assume that

P_in-1=Q)nj+1=0. (180
The calculation is checked so as to ensure that indé@d
is satisfied after some large value I¢f

—(1/41) y(@)(Fo cog wt))* -+ (203

— (112" a( ) (112 F3— (1/41) y(»)(3/8)F§

—(1/6!)8(w)(5/16)F§—- -+, (20b)
where in going from Eq(209 to Eq. (20b) we have aver-
aged over an optical cycle. The functiongw) and y(w)
represent the first two expansion coefficients of induced po-
larization for linearly polarized light averaged over an opti-
cal cycle. We point out that in the MEMPT, the valueswpf
can go beyond the ionization threshoHl,, , without any
difficulty, as indeed was demonstrated with L[il9] and H

[20]. This is because the contribution of the continuous spec-
trum is achieved rigorously, without any changes in the ana-
lytic structure of frequency-dependent quantities. Con-
versely, calculations of frequency-dependent linear and
nonlinear polarizabilities via conventional perturbation
theory and Green’s-function expansions must deal reliably
with the problem of divergences in matrix elements involv-
ing scattering states.

For approaches based on perturbation theory, the linear
and nonlinear coefficients of the series expansion in the field
are obtained individually from expressions corresponding to
different observable processes. Specifically, the hyperpolar-
izability tensory,g,s(— @, ,01,0,,w3), is defined 1,2,14
by the equation

Pa(w(r) = Kya,B'yb‘( T W, (,!)1,(1)2,(1)3)

XEg(w1)E (02)Es(ws), (21
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where «, B, 7, and 6 are atom- or laboratory-fixed axes

(X,y,2), Eg(w,) is the g component of the applied field with 0°
frequencyw,, P,(w,) is the induced polarization with fre- 10*4
quencyw, [ w,= w,+ w,+ w3], andK is a numerical factor. 10°
Depending on the combination of photon frequencies and of 10°]

transition processesy expresses the dynamic polarization
for different phenomena. For example, the dc Kerr effect is
represented by(—w;,0,0), the degenerate four-wave mix-
ing (DFWM) by Y—w;—w,0,0), the electric-field-induced
second-harmonic generation h§—2w;0,w,w) and the third-
harmonic generatioliTHG) by y(—3w;w,w,w).

The nonperturbative MEMPT incorporates field-induced L S L A S S A
effects to all orders. The calculation directly yieldsand F(a.u)
A(w), and the quantities, «(w), and y, Y(w) may then be
obtained, for small field strength values, by fitting the energy  FIG- 1. He tunneling ratedl” in a.u) as a function of the dc-
shifts to a polynomial of high degree. For linearly polarizedf'eld strengths{F in a.u). The dotted line represents the rates Whl_ch
monochromatic light, the hyperpolarizability tensor Compo_were obtained from _the_ Ammosov-Delone-Krainov §em|cla55|cal
nent thus obtained is/,,,, and represents a frequency- formula [61]. The solid line represents the rates which were ob-

dependent superposition of the effects of DFWM and THG,tallned from the present MEMPT.

for which || =|w,|=|ws| =w. Therefore, a direct com- figurations and of doubly excited configurations representing
parison with the results of LOPTe.g., Ref.[14]), where utoionizing states and correlations. In the He Rydberg

hyperpolarizabilities for these processes are calculated Seps_ates electron correlation is not significant for the properties
rately, cannot be made. However, for certain values of fre- ' g Prop

quencies, it happens that only one process dominéges, under consideration. What is important is to have good radi-

when the denominator of the corresponding perturbatioh"‘ls for the Rydberg electron. This is achieved here via the

. . 1 .
theory formulas become very smaiih which casey(w) rep- use of numerical Hartree-Fock functionssrll *L with

. . : =2,3,....,6 and_=1=0,...,5. The remainder of the function
lly only th n=2.9,..5 an pee9: 1NE TEM
resents essentially only this procésse next section space, which is made to mix vid,; is represented by 82

excited configurations,v| 'L, wherev, are virtual orbitals,
Ill. RESULTS with 1=0,...,3, and_=0,...,4.
(3) X; of Eq. (7) are represented by configurations of the

I (au)

According to the description of Sec. Il, MEMPT is imple- tvpe 1s®el. where the orbitakl is expanded in terms of
mentedab initio by choosing, manipulating, and optimizing Sylpt + ’ bital¢STO’ P
suitable one-electron arfd-electron basis sets. Calculations oo’ YP€ Orol alg 9
such as the ones carried out in this work are time consuming
not only because of the need to account for the electronic
structure and electron correlation of many states, but als
because of the number of properties examined over larg
ranges of values fow and|. Therefore, in order to make
such a project worth pursuing, it is crucial to use function

er(p*)=(re ) =c (o) rke ", (22)

Bor eachl(1=0,...,5) the continuum orbitals were repre-
Sented by tenp, (p*), except forl =5, for which eighte,
were used.

used[see Eqgs(9b) and(18d)]. The convergence is achieved
hen the results are independentéfa, andN over a rea-
nable range of parameter values. For most of the results,
this was accomplished fojN|=10, « around 1.5 and¢
around 0.3 rads.

indicative test of the level of accuracy of these calculations
we chose the comparison between the results of Bishop a
Lam [14(a)] and our result for the dynamic polarizability,

a(w). They used LOPT with large expansions of carefully
optimized rq,-correlated functions obtained earlier by
Thakkar and Smith. Table Il shows that the average devia-

tion is only 0.35%, with our numbers being systematically A. de-field nneling rates

smaller except forw=0.75a.u.(see below. The function The only earlier quantum-mechanical work for this prop-
space used here consisted of the following two-electron funcerty on He is that of Ref.60], where the same method was
tions. used but with a smaller basis set and a less extensive opti-

(1) The initial state¥, H'S was represented by a corre- mization search in parameter space necessitated at the time
lated ten-term numerical MCHF wave functif9] with the by restricted computer power. In Fig. 1 we compare the
configurations %2, 2s?, 2p?, 3s?, 3p?, 3d? 4s? 4p?  presentab initio tunneling rates for He with semiclassical
4d?, and 42. This function contains essentially all the radial results calculated here according to the widely used
and angular correlations which play a role when the baréAmmosov-Delone-Krainov(ADK) tunneling rate formula
ground state is perturbed by the external field. [61]. The validity of the ADK formula in the case of He is

(2) ¥; of Eq. (7) consist of singly excited Rydberg con- thus tested for the range of field strengths used here. The

013407-7
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I(a.u.)

13
T T T T T T T T T T T 1
0.180 0.185 0.190 0.195 0.200 0.205 0.210 0.215 0.220 0.225 0.230 0.235 0.240

w (a.u.)

T T T T T T T T T T T T |
0.240 0.245 0.250 0.255 0.260 0.265 0.270 0.275 0.280 0.285 0.290 0.295 0.300
w(a.u.)

FIG. 2. He MPI ratesI" in a.u) in the laser frequenciw in a.u) FIG. 3. As in Fig. 2 but in the frequency region where at least

region, where at least five photons are necessary for ionization. Thg,r photons are necessary for ionization. The peaks denoted by
different curves correspond to different laser intensitieSpecifi- correspond ta3+1) REMPI with the 2p 1P° state. Similarly
cally, the solid line curve was obtained flor 1.4< 10"*W/cn?, the e peaks denoted b correspond to(3+1) REMPI with

dashed line forl =3.15< 10**W/cn?, the dotted line forl=5.6 153, 1po 154p 1P°, 1s4f 'F°, 1s5p PP, and 1s5f F° states.
X 10"W/cn?, the dash-dotted line for==8.75x 10'*W/cn?, the ' ’ ’ '
dash-dotted-dotted line fot=1.26x10"*W/cm?, and the short
dashed line forl =1.715< 10" W/cn?. The peaks denoted b
correspond tq4+1) REMPI with the 1s2s 1S state. Similarly, the
peaks denoted b correspond ta4+1) REMPI with 1s3s 'S,
1s3d 1D, 1s4s 'S, and 1s4d D states.

from the 'S and D Rydberg states fon=3 and 4. The
overall behavior of'(w) is thus in accordance with the ex-
pected upward shift, and the with the width broadening that
the Rydberg states undergo as intensity increases.

In Fig. 3, the frequencies cover the energy necessary for
at least four-photon ionization. The intensities are in the
agreement between thab initio MEMPT results and the range of 1.4 10'3-1.715< 10" W/cnm?. The (3+1)-photon
semiclassical ones is surprisingly good. Our calculation,REMPI with intermediate state thes2p *P° is reflected in
were systematic and detailed in the variation of parameterghe first peak. As the intensity increases, the position of this
with special attention to the weak-field regime, where thepeak shifts to higher energies, but its width broadens rela-
imaginary part of the complex eigenvalue becomes verijvely little. The second peak corresponds to tf8e+1)-
small. It is in the weak-field regime that the present resulthoton REMPI with intermediate states thes3p ‘PP,
correct the ones reported in R¢80]. 1s4f 'F°, 1s4p 'P°, 1s5f 'F°, and 1s5p 'P°. The near

degeneracy of the states belonging to the fourth and higher
B. ac-field multiphoton ionization rates

The large ranges of frequencig®=248 nm(~5eV) to 1073 A\ B
40 nm(~26.4eVj] and of intensities I(=3.5x 10'*>~1.715 10°9 \
X 10" W/cn?) which were used in the MEMPT calculations :

of MPI rates were chosen so as to mark out different types of
features which are characteristic of the high-order, nonlinear
nature of the response. The results are shown in Figs. 2-5.
Each one corresponds to a particular regiorwofalues. To

our knowledge, such predictions are reported here for the
first time.

Figure 2 shows the rates, for peak intensities in the range
1.4x10%-1.715< 10"*W/cn?, in the frequency region
where at least five photons are necessary for ionization. ES- ' 052 65 o5 o3 % 05 0% 65 G50 0% 042 043 04k 045
pecially for low intensities, a series of identifiable peaks w@u)
emerge from a more or less smooth background. This is a
manifestation of a 41 resonance-enhanced multiphoton
lonization (REMP) Whe_re the ﬁel(lj energy lOf four pflotons solid line curve was obtained for peak intensity=3.5
comes to resonance with thes2s 'S, 1s3s 'S, 1s3d D, 3 gizyyjen, the dashed line fof=1.4x 108Wicr, the dotted
1s4s °S, and Is4d D states, while the fifth photon drives |ine for | =3.15¢ 1083 W/cn?, the dash-dotted line fol =5.6
the He atom to the continuum. As the intensities increase, the 1g13\w/cn2, the dash-dotted-dotted line fdr=8.75x 10:3W/
positions of these peaks shift to higher energies, and thenp the short dashed line fdr=1.26x 104 Wi/cn?, and the short
discrete structures become smoother and broader. Finally, f@ftted line forl = 1.715< 10 W/cm?. The peaks denoted ycor-
1.715< 10"Wi/cn?, the rate function is smooth, with only respond to(2+1) REMPI with the 12s 'S state. Similarly, the
two broad bumps; one representing tre24 'S intermediate  peaks denoted b correspond td2+1) REMPI with 1sns'S and
state and the other representing the collective contributionsnd!D (n=3,...,6) states.

I (a.u)

FIG. 4. He MPI rategI" in a.u) in the laser frequenciw in a.u)
region where at least three photons are necessary for ionization. The
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I {a.u.}
@nrmyn®
3
&
Il

10% T T

T T T T T T T T 1
070 071 072 073 074 075 076 077 078 079 080 10" 10"

w@u) | (Wiem?)

FIG. 5. As in Fig. 4 but in the frequency region where at least  F|G, 6. The quantity [/%)/1° as a function of intensity for
two photons are necessary for ionization. A peak emerges from g,—0.2 a.u. For this frequency at least five photons are necessary for
smooth background, just below=0.74a.u., as the intensity in- jonization. As expected, in the low-intensity region where the

creases. It is a manifestation of a three-photon process in which t'}?ower law of the five-photon ionization rate is valid, the quantity
2s2p 'P° autoionizing state is coupled resonantly with the He(r/ﬁ)“s is essentially independent of

ground state.

shells results in one peak for each shell. Again, the discretggfr[ezir]]ea:lu dniirl?seemﬁiei:tgri(z)il?:;tiizr:rs]efti?rt?eotsg)éieiciﬁc
structures fom=4 and 5 that appear for low intensities are ex énsion a roachq to thg solution of the time-de gndent
wiped out as the intensity increases. Scrr)wr"cdin or :puatioh P

In Fig. 4 the frequency range corresponds to ionization 9 q

with at least three photons. Results from seven intensity val- On the ot_h(_er h(_':md, t_r|al MEMPT caIcuIatlor_1$ have indi-
ues between 38102 and 1.715 104W/cn? are shown. cated that difficulties with convergence and with interpreta-

The same bicture as in Figs. 2 and 3 appears. where tt(ieon may occur even when a faithful wave-function represen-
intermediatg states for thngri REMPI arepF':he $’25 1g r‘{ation of the discrete, autoionizing, and scattering states is
1snslS and sndDn=3... 6 states. Fan=4. the peai<s used as input. This is when the strength of the perturbation
for the S and !D states are indistinguishable. Again, the due to operator§ is such that, in combination with spectra

eaks shift to higher energies and broaden with increasinfeatures of the system and with the valuesaofit causes
iF:\tensity 9 9 gtrong mixing of states and large and possibly abrupt energy

Figure 5 showsT(w) for w values where at least two shifts. In such cases, the adiabatic crité6amust be applied

photons are required for ionization. Now, apart from thell with great detailsomething which is computationally expen-

REMPI, which involves the appearance and disappearancselve)’ and must be supplemented by additional information

. . " . . . on the solutions.
(for higher intensitiesof the 1s2p 1P° discrete intermediate . : :
state, an additional structure appearswat0.74a.u. as the Finally, for each frequency, the laser intensitydpr) at

; k_ g _ iAni7 At
field intensity increases. This structure is absent for field in-WhICh thel®-power “law” of the k-photon ionization rate

o breaks down, is a parameter that determines the domain of
2 1
;?(ns)ltliiirggii Osrr(rjgo?rfl 3>§:']81 Vgg%ﬁt%;ﬁmwfr:’ |Vr\1lthe enrsit the validity of the LOPT, except when intermediate reso-
Thue) interpretation of thi)s/ is tha?[ it is a ma)llnifestation of 2nances with excited states are present. For example, in Fig. 6
. 5 - - . . .
higher-order effect, whereby the autoionizing statethe quantity [/7)/1% is given as a function of intensityfor

— — 4 5 o ]
2s2p P°, whose field-free position is around 60.2 eV, is ©=0.2a.u. Around =4x10*W/cn?, the !> power “law

coupled with the HéS ground state via a three-photon pro- breaks down. More examples are given in Table |, where
cess. Three photons af~0.74 a.u. add t6-60.4 eV. Apart
from energetics and symmetry we also tested this interpret%—r
tion by removing from expansiof¥) the correlated function
representing the 2p 1P° state. In this case, the peak dis-
appeared. This type of higher-order contribution to the ion-

TABLE I. The intensityl opt at which thel'~1¥ power “law”
eaks down. The values af were chosen so as to avoid, at least
for low intensities, any Rydberg states coming into resonance.

I LOPT

ization rate of He for high intensities was first reported by  (in a.u) K (in Wicn)
Purviset al.[27], whose calculations combine CCR Floquet
and R-matrix procedures. In their study, they observed the 0.184 5 1.¢10%
effect of the two-photon coupling between tH& ground 0.200 5 4.0¢10"
state and the lowestD autoionizing state in a one-photon 0.240 4 5. 10
ionization process. 0.320 3 1. 10t
We point out that this interplay between the field-free 0.400 3 3. 104
spectrum and the field characteristics of frequency and inten- 0.600 2 8.0 10*
sity is brought out rather clearly when the state-specific ap- 0.800 2 1.0x 104

proach to the field-atom interaction problem is applied
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TABLE Il. Comparison of the results for the dynamic polariz- 200000
ability, a(w), obtained from the nonperturbative many-electron 150000 ]
many-photon theory presented here and from the LOPT expression
with r, correlated functions, calculated by Bishop and La4ta)]. 2 o e
The comparison is up t@=0.75 a.u., where the LOPT calculations T oo A B \ o
stopped because of the proximity to the excited sta2pl'P°. g; o 1 | R\ [
Our calculations actually went up ©=0.97 a.u.(see Fig. 7. £ ﬁ% HRA
.:& 3 50000 -] .
5=
Bishop and This £ oo ]
«
w (a.u) Lam [14(a)] work % oo
0.20 1.448 341 1.443 88
0 25 l 488 335 l 483 64 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
. . . w (a.u.)
0.30 1.540981 1.5360
0.35 1.609 325 1.603 96 FIG. 8. He ground-state dynamic hyperpolarizabiliy), de-
0.40 1.697 985 1.692 04 fined by Eq.(20b), below and above the ionization threshold. The
0.45 1.814 214 1.8078 variations of y(w) for >0.75a.u. correspond to the one-photon
0.50 1.970037 1.962 36 resonant excitation of theshp *P° states. The structures denoted
0.55 2186 990 217792 by (A) and(B) are shown in more detail in Figs. 9 and 10, respec-
0.60 2,508 292 2.4972 tively.
g'gg 431(1)?1 zgi 3‘8;2 gg treme variations which start around 0.75 a.u. are the finger-
0'75 8'014 127 8'195 68 prints of the one-photon resonance excitation of the

1snp1P° states.

The calculated dynamic hyperpolarizabilif£qg. (20b)],
Y(w), is thezzzzcomponent of the tensor, and constitutes a
| .opr Means the value off up to which LOPT holds. The linear combination of the perturbation theory terms repre-
values ofw were chosen so as not to have any Rydberg statesenting the processes DFWM and THG. Their presence is
coming into resonance. For these frequencies, the domain &¢vealed by examining Fig. 8. The variations gfw) for
validity of the LOPT is up to 18'-10"Wi/cn?. Systematic ~frequencies larger than 0.75 a.u. correspond to one-photon
calculations concerning the peculiarities of the domain of thé€sonance excitation with theshp *P° states. The struc-

validity of the LOPT are under way and, hopefully, resultstures denoted aroundo=0.25a.u. are shown magnified in
will be reported in a future publication. Fig. 9. The first, and more pronounced, structure

(w~0.26 a.u). corresponds to the three-photon excitation of
the 1s2p 1P° state, and is due to the THG terms that are
present in the dynamic hyperpolarizability defined by Eq.
Table Il compares our results fak(w) with those of  (20). Bishop and Lanj14(a)] explicitly computed the THG
Bishop and Lan{14(a)] up to @=0.75a.u.(below the ion-  term up tow=0.25 a.u. However, direct comparison between
ization threShOlﬁ where the LOPT calculations of Ref. their THG results and ours foy(w) is not possib|e_
[14(a)] stop. The agreement is very good. Figure 7 shows the  StructuresB for frequency values just above=0.34 a.u.
MEMPT a(w) in the frequency range 0.17-0.97 a.u. i.e.,gre shown in detail in Fig. 10. These correspond to the two-
below and above the ionization threshold of i"& The ex- photon resonance excitation of the2k lS’ 13“518, and

1snd!D (n=3, 4, and 5 states, and have their origin in the

C. Dynamic polarizabilities and hyperpolarizabilities

2 _ DFWM terms that are present in ogtw). Again, the values
E : of DFWM computed in Ref[14(a)] are not directly compa-
15 rable with they(w) of this calculation.
- J IV. SYNOPSIS
§§ T [ We have presented a large amount of experimentally veri-
E T 0] HE fiable information for physical quantities related to the linear
5 : and nonlinear response of He to strong dc and ac fields.
2] : These results were obtained nonperturbatively, by applying a
O MEMPT which is directly applicable to ground as well as
°‘°°'5““°25°3°°35°“°‘“5":?z::;°°“°’°°’5°3°°“°9°°95“‘° excited states of arbitrary electronic structures. We have

shown how this can be done economically and generally, by
FIG. 7. He ground-state dynamic polarizabilityw), defined by ~ Systematically choosing and optimizing appropriate forms

Eq. (20b), below and above the ionization threshold. The strong@nd parts of one-electron amdielectron functions. The key

variations which start just abovwe=0.75 a.u. are a manifestation of features of the theory are the following.

the one-photon resonant excitation of thenp 1P° states. (i) In analogy with work on the theory and calculation of
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FIG. 9. StructureA of the He ground-state dynamic hyperpolar- FIG. 10. StructureB of the Y(w) (Fig. 8 appears in the fre-
izability Y(w) (Fig. 8 appears in the frequency region where a quency region where a resonant two-photon excitation of the
resonant three-photon excitation of the2p P° state occurs. Itis  1sns!Sand 1snd!D (n=3, 4, and 5 states occurs. It is due to the
due to the THG terms that are present in @) of Eq. (20b). DFWM terms that are present if{w) of Eq. (20b).

i . ... the complex energy plane are simplified and made tractable
field-free resonance states, the problem is reduced to flndlngnd systematic due to the matrix element properties of Eqs

the complex eigenvalue of a state-specific matrix equatiorall) and(14)
[qu.(g)]hus$g as :E”al function the ex?ansuﬁﬁi. ) ; (iv) The combination ofi)—(iii) allows one to delineate
(ii) The ¥(p) of Eq. (7) consists of wave functions for _the various contributions and to understand the interplay be-

the discrete, autoionizing, and free states of the system, withy ooy electronic structure and state symmetries on the one
all the significant electronic structure and correlation effectsnand and field characteristics on the other hand

for each case included. The theory and methods of compu-

tation of stqte-spemﬁc correlgted wave functions basgd on ACKNOWLEDGMENT
MCHF solutions, which comprise the zero-order approxima-
tion, are described in Ref56] and references therein. One of us(S.I.T.) expresses his gratitude to the Onassis

(iii) The solution of Eq(9) and the overall calculation in Foundation, Athens, Greece, for financial support.
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