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Quantum-mechanical versus semiclassical calculations of dc-field-induced tunneling rates for
helium for field strengths in the range 0.06%1.0 a.u.
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The dc-field-induced tunneling rates for He were computed semiclassicall,y and quantum mechanically, the
latter case being the result of the application of our previously published nonperturbative theory which ac-
counts for electronic structure, electron correlation, and field-induced effects. As the field strength increases
beyond 0.15 a.u., the deviation between the two calculations is enhanced, a phenomenon which is intrinsic to
the WKB approximation and is observed explicitly, via the known expressions, in the hydrogen atom.

PACS numbd(s): 03.65.Sq, 32.66:i, 31.15.Ar

Consider an atomic state, ground or excited, interactingvith the present onedable ), which were obtained via the
with a static electric or magnetic field whose strength is nottate-specific theory for the solution of the complex eigen-
negligible relative to the binding energy of the outer activevalue Schrdinger equatior(see e.g., Ref§1-4], and refer-
electrons. The energy of the state is shifted and its width ignces therein Furthermore, we have also covered a region
altered as a result of this interaction, as a function of fieldyith small values of the field strength, not calculated in Ref.
strength. The related problem then is how to compute fronf11]. Calculations for this region were first reported in Ref.
first principles these changes to all orders in perturbatiof3]. However, due to the computer limitations at the time, the
theory, as regards both the interelectronic interactions anﬂjnction spaces and the parameter optimization were not suf-
the field-atom coupling. ficiently flexible, and led the calculations to falsely con-

Because of the formal and computational difficulty of verged results which are replaced by the present ones.
dealing simultaneously with both these conditions, theoreti- The theory and methods employed for the present nonper-
cal constructions and calculations over many decades sing@rbative calculations have been reported in the gase,
the invention of quantum mechanics were restricted to onee g., Refs[1-4]), and so here only the characteristics of the
electron systems and to semiclassical models. In a series gficulation on He will be given. The barkS He state was
papers from this institute it has been shown how this probrepresented by a state-specific correlated wave function, ob-
lem can be dealt with nonperturbatively for polyelectronictained as described in Reffl4] and references therein. A
states, for electrifsee, e.g., Ref$1-3]] as well as for mag-  20-term expansion with numerical and analytic orbitals up to
netic [4] fields. The applications have involved ground /=3 was optimized variationally. The function space, rep-

states, singly excited discrete states, and doubly excited resgesenting localized states which are allowed to mix via the
nance states of neutral atoms and of negative ions.

Once the possibility o&b initio many-electron calculation
exists, it is useful to compare with models that are easily4.0x10'6_ ' T ' ' ' ' ' ' '
used in order to understand the range and conditions of thei L F=0.1au.
applicability. In two such examplgSS] we have compared
our results on He, H, Li, and Li ground and low-lying
excited states with the semiclassical models introduced ove

3.0x10°

the years for statif5—7] and cycle-averaged low-frequency 2 0x10° i 2 4
electric fields[8]. The latter, known as the Ammosov- oy J/
Delone-Krainov(ADK) formula, is an extension of the for- [ e—a oo
mulas given in Refd5-7], and has been used in recent years | g410¢ F }(/ .
for heuristic purposes in the interpretation of strong field i /E\\E
dynamics(see, e.g., Refg9], [10]). ] f

In this Brief Report we present results froab initio 0.0 g BB —a—n BB BB e q
quantum-mechanical calculations on H and He for the dc- —
field-induced tunneling rate¢FITR) and from the use of 00 01 02 03 04 05 06 07 08

semiclassical formulas, for a broad range of field strengths,
in continuation of the work published in Rdf3]. After the
completion of our calculations, a paper on this topic was FIG. 1. Plot of the width and of the difference between the real
published recently11]. The calculations of Ref11] were part of the complex eigenvalu&(6)) and its final solution E),
done by applying the complex coordinate rotati@®CR)  of Hels? 'S, for F=0.1a.u., vs the rotation angepresent in the
method[12,13. The results of Ref[11] are in agreement complex Slater-type orbitals.

0 (rad)
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TABLE I. Field-induced tunneling width for Hesf S in a.u. The difference between the two quantum-
mechanical calculations is insignificant. On the other hand, the difference between these and the semiclassical
calculations increases with increasing field strength.

I (a.u)
Quantum mechanical Semiclassical
F (a.u) This work Ref.[11] formula of Ref.[7]
0.067 1.6<10°° 9.51x 1010
0.068 2.<10°° 1.35<10°°
0.069 2.%x10°° 1.89x10°°
0.070 3.6<10°° 2.62x10°°
0.071 4.6<10°° 3.61x10°°
0.072 6.2410°° 4.92x10°°
0.073 8.%x10°° 6.65x 10 °
0.074 1.0 108 8.92x10°°
0.075 1.4%x10°8 1.19x10 8
0.076 1.8610 8 1.57x10°8
0.077 2.3%10°8 2.05x10°8
0.078 3.1%10°8 2.67x10°8
0.079 4.2510°8 3.85x 1078
0.080 55% 108 4.63x10°8 4.44x10°8
0.082 9.2& 1078 7.18x10°8
0.084 1.4%10°7 1.14x10°7
0.086 2.3%x10°7 1.76x10°7
0.088 3.5x10°7 2.67X10°7
0.090 5.2% 107 5.09< 107 3.97x10° 7
0.095 1.3x10°© 9.98x 107
0.10 2.9%10°° 2.88x10°6 2.28x10°°
0.11 1.1%10°° 1.15x10°° 9.51x 1078
0.12 3.66<10°° 3.62x10°° 3.11x10°°
0.13 9.5k 10°° 9.43x10°° 8.44x10°°
0.14 2.1%10°4 2.12x10°4 1.98<10°*
0.15 4.25¢10°4 4.23x10°4 4.15x10°4
0.16 7.70<10°4 7.68x10°4 7.89x10°4
0.18 2.0%10°°3 2.03x10°2 2.30x10°2
0.20 430103 4.31x10°3 5.36x10°°
0.25 1.56<10 2 1.57x10°2 2.43x10°2
0.30 3.5%10°? 3.56x 102 6.55x 102
0.35 6.25¢10°? 6.33x10°2 1.31x10°¢
0.40 9.64< 10?2 9.77x10°2 2.20x10° %
0.45 1.3%10°* 1.38<10°¢ 3.25x10° !
0.50 1.8% 10 1.83x10°¢ 443107t
0.60 271071t 2.87x10° ! 6.95x 10!
0.70 3.9x10? 4.06x10°! 9.48< 1071
0.80 5.24<10°* 5.36<10° ! 11.86x10°*
0.90 6.7510° ! 6.73<10° 1 14.03<10°*
1.00 8.50x 107! 8.18x10°* 15.95<10°*

interactions of the total Hamiltoniafthe Hamiltonian coor- where eache/ is expanded in terms of complex Slater-
dinates in this theory remain reaincluded Rydberg con- type orbitals(STO'S (pK:rKe—are*W_ For these states/
figurations Bn/ 'L, wheren=2-6 and/=0,1,.n—1, <5 “Continuum"” states with”<4 were represented by ten
and doubly excited configurations-v), 'L, wherev, are  complex STO’s, while for/=5 we used eight complex
analytic virtual orbitals with/, /'=0, 1, 2, 3 and'L  STO’s. The convergence of our results for the FITR with
=1s, P, D, 'F, and G of even and odd parity. As respect to the nonlinear parameters of the STO’s was tested
regards the function space representing the asymptotic opefer each value of the field strength. The optimal value of the
channel part, this was represented g4 configurations, parameterw wasa=1.5. As an example of the type of con-
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FIG. 2. Graphical comparison of the results given in Table I.

vergence obtained in the state-specific calculations, in Fig. ],
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Field strength (a.u.)

FIG. 3. dc-field-induced tunneling widths fét, in a.u. The PT
results are obtained from E{L), while the semiclassical ones by
sing only the first term. The accurate quantum-mechanical results

we plot the real and imaginary part of the complex eigen-yere calculated by the present nonperturbative theory and by the

value versus the angle for F=0.1a.u.

large order perturbation theory of R¢i.7].

The results of our calculation are given in Table | and Fig.

2, where we also include the results from the WKB formulastrength increases, albeit to unphysically high values. These
of Ref. [7], using the constant given in Refi8], and the facts are depicted in Fig. 3, which compares three types of
recently published CCR results of RgL1]. The agreement calculation. The exact quantum-mechanical results are taken
of our results with those of Ref11] is very good. The re- from the large order perturbation theory calculations of Sil-
sults from the semiclassical formula start to deviate as th¥&rman and Nicolaidepl7] and from the present calcula-

field strength increases beyond 0.15 a.u. This discrepancl)'PnS'

gave us the opportunity to comment as follows:

For the hydrogen atom, the FITR was obtained analyti
cally to a good approximation quantum mechanically, usin
perturbation theoryPT) [15,16 as well as semiclassically,
using the WKB approximatiof6]. According to the former,

the width for the & state has the form

p b o] 207 7363 .
n(F)=ge 12 288 - @

An asymptotic expansion similar to E({l) is valid for a
model potential which was used to describe the FITR of

bound negative ion$18]. Therefore we can conclude, as

Pelone and Krainov also didL9], that the semiclassical for-

mula has corrections of the form {c,F+c,F2+c3F3
+--+). The coefficients of this series are in general large
numbers, asymptotic in the parameter E{»*%/3, whereE,,

is the binding energy. This correction is in general not
known for many-electron systems. However, it can be ex-
pected that the deviation between quantum mechanics and
semiclassical mechanics will appear to be enhanced for states

The WKB approximation gives only the first term of this ot gmall binding energy, since the coefficienisdepend on
expansion. It is clear that as the field strength increases, thgyerse powers OE, [3].

deviation between the prediction of E@.) and that of the

WKB approximation increases. At the same time, more and One of us(S. I. T) expresses his gratitude to the A. Onas-
more polynomial terms become necessary as the fieldis Foundation, Athens, Greece, for financial support.
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