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He in dichromatic weak or strong ac fields ofl1Ä248 nm andl2Ä„1Õm… 248 nm „mÄ2,3,4…
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We have computed multiphoton ionization rates for He irradiated by a dichromatic ac field consisting of the
fundamental wavelengthl5248 nm and its second-, third-, and fourth-higher harmonics. The intensities are in
the range 1.031012– 3.531014 W/cm2, with the intensity of the harmonics being 1–2 orders of magnitude
smaller. The calculations incorporated systematically electronic structure and electron correlation effects in the
discrete and in the continuous spectrum, for1S, 1P, 1D, 1F, 1G, and 1H two-electron states of even and odd
parity. They were done by implementing a time-independent, nonperturbative many-electron, many-photon
theory which obtains cycle-averaged complex eigenvalues, whose real part gives the field-induced energy shift,
D(v1 ,F1 ;v2 ,F2 ,w2), and the imaginary part is the multiphoton ionization rate,G(v1 ,F1 ;v2 ,F2 ,w2), where
v is the frequency,F is the field strength, andw2 is the phase difference. Through analysis and computation we
show that, provided the intensities are weak, the dependence ofG(v1 ,F1 ;v2 ,F2 ,w2) on w2 is simple. Spe-
cifically, for odd higher harmonics,G varies linearly with cos(w2) whilst for even higher harmonics it varies
linearly with cos(2w2). These relations may turn out to be applicable to other atomic systems as well, and to
provide a definition of the weak-field regime in the dichromatic case. When the combination of (v1 ,F1) and
(v2 ,F2) is such that higher powers of cos(w2) and cos(2w2) become important, these rules break down and we
reach the strong-field regime.
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I. INTRODUCTION

In a recent publication@1#, we reported the results o
many-electron, many-photon theory~MEMPT! computations
of the cycle-averaged multiphoton ionization rates~MPIR!
and linear and nonlinear polarizabilities of He interacti
with a linearly polarized ac field for frequencies in the ran
v54.9– 26.4 eV. In this paper we extend the implemen
tion of the MEMPT to the dichromatic case (v15v55 eV
or l15248 nm) with commensurate frequencies of high
harmonics,l25(1/m)248 nm, m52,3,4, and provide reli-
able MPIRs which can be tested experimentally. The int
sities are in the range 1.031012– 3.531014W/cm2, with the
intensity of the harmonics being 1–2 orders of magnitu
smaller. Obviously, the MPIRs depend on intensity. Furth
more, they depend on the phase differencew2 between the
two fields, and the present study has produced unique re
not only for the particular system but also for the pheno
enology of the problem, which should be applicable to m
tiphoton processes in other systems as well.

The fact that the response of atoms or molecules
dichromatic laser fields leads to the dependence of obs
ables onw2 has been the subject of many theoretical a
experimental publications. For representative analyses
results the reader is referred to Refs.@2–21#. The basic
source of this dependence is the quantum-mechanical in
ference between the various possible excitation paths.
example, the weak-field model analysis of Brumer and S
piro @3,4# illustrated how the irradiation of a bound state wi
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a field of commensurate frequencies,v1 andv253v1 , may
be used for the coherent phase control of the rate of prod
tion of the final products in the continuous spectrum. Ad
tional early results based on one-electron calculations wi
time-dependent@7,11# and time-independent Floquet fram
works @8,9# showed the effect ofw2 on field-induced prop-
erties, even for strong fields. Experimental work has a
revealed the effect of phase-dependent interference
atomic observables@e.g., 5, 6, 13, 14, 20, 21#.

The work described below was carried out by combini
heuristic arguments with MEMPT all-order calculations. T
former was applied in order to explore whether it is possi
for the MPIR to be connected in a simple way to the pha
difference when the intensities of the two interfering wav
are weak. The latter~MEMPT! was applied in order to pro
duce accurate results for weak as well as for strong fie
which, not only should be useful as such, but they co
provide quantitative information about the degree of valid
of the heuristic arguments. Indeed, the results show tha
least for He, and probably for other systems where sim
conditions are met, there is an underlying simple ‘‘law’’ co
necting the MPIRs with the phase differencew2 .

II. HEURISTIC ARGUMENTS FOR THE FORM OF THE
DEPENDENCE OF THE MPIR ON THE PHASE

DIFFERENCE

Let us consider a dichromatic fieldF(t) in the form

F~ t !5F1 cos~v1t1w1!1F2 cos~v2t1w2!, ~1!

wherew150 ~without loss of generality for the present a
gument!, and v15v, v25mv, and m is an even or odd
©2000 The American Physical Society11-1
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FIG. 1. Schematic diagram
showing the lowest-order pro
cesses for the multiphoton ioniza
tion of an atom with ionization
potential I p , which is initially in
its ground state of energyE0 . The
frequencies corresponding to eac
process are the fundamentalv1

5v and its higher harmonicsv2

5mv (m51,...,7).
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integer. We ask the question whether it is possible to ob
the relationship between the rate andw2 in terms of a simple
function. In order to facilitate the syllogism, we take as
example Fig. 1, which shows the possibilities of multiphot
ionization for harmonic frequencies ofv25nv, n52,3...7.

The quantum interference of two or more paths forv1
and v2 to final states with the same energy and symme
brings about a dependence of the total rate onw2 . We as-
sume that for such final states, the individual intensity
each path is weak,@the lowest-order perturbation theor
~LOPT! expression is applicable#, and that for each final ion
ized state for which there is one path with the maximu
number of required photons and one path with the minim
such number, the transition rates via these two paths
about the same. The second assumption leads to the co
sion that the dominant contribution to the partial rate
ionization to the specific final state comes from paths
order between those corresponding to the minimum and
maximum number of required photons. These specific fi
states are also assumed to be the dominant contributors t
overall interference which gives the dependence of the t
rate onw2 . When these assumptions are met, it means
F2!F1 , since the multiphoton process for the fundamen
frequency is of higher order.
01341
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When both intensities are in the domain of LOPT, w
expect that the most important final states will be those
above threshold with energies ranging fromE01n1v1 to
E01n2v2 , where (n1 ,n2) are the smallest numbers of pho
tons required for ionization by fields of frequenciesv1 and
v2 ~Fig. 1!. In order to trace the paths leading to the sa
final states, we can use heuristically the LOPT formulas
figures such as Fig. 1 to substitute the path ofv1 with the
appropriate paths ofv25nv. In this way, a path consisting
of steps ofv1 with field strengthF1 @Fig. 2~a!# is sequen-
tially replaced by paths of lower multiphoton order, consi
ing of steps ofv1 as well as ofv25nv, with field strengths
F1 andF2 and of phase differencew2 . From the properties
of the generalized cross section, we consider it plausible
the decrease of the order of the multiphoton process for
dependent paths will result in the increase of the abso
value of the ionization probability amplitude of the corr
sponding path, provided a suitable combination of (F1 ,F2)
exists, even for cases whereF2 is smaller thanF1 . ~Our
numerical results confirm this trend of the ionization pro
ability amplitudes.! Furthermore, at the end of this series
exchanges of paths, we will find the path with the minimu
multiphoton order@i.e., Fig. 2~d!#, whose absolute value o
-
FIG. 2. Various paths for the multiphoton ionization of an atom in a dichromatic ac-field.~a! Path consisting of steps of the funda
mental frequencyv15v and field strengthF1 . ~b! Path~a! where 2k11v steps are substituted with one step ofF2 , v25(2k11)v,
w2 . ~c! Path~b! where a different set of 2k11v steps is substituted with one step ofF2 , v25(2k11)v,w2 . ~d! Path with steps of the
higher harmonicv2 . ~e! Path ~a! where 232k v steps are substituted with two steps ofF2 , v25(2k)v,w2 . ~f! Path ~e! where a
different set of 232k v steps are substituted with two steps ofF2 , v25(2k)v,w2 .
1-2
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He IN DICHROMATIC WEAK OR STRONG ac FIELDS . . . PHYSICAL REVIEW A 63 013411
the ionization probability amplitude is essentially equal
the one corresponding to the process of Fig. 2~a!. This ob-
servation suggests that the paths of consecutively decrea
multiphoton order are associated with probability amplitud
of increasing absolute values, which, however, necessa
pass through a maximum and finally end near the orig
value. On the other hand, we are aware of the fact that
argument about the increase of the ionization probab
with decreasing order of the multiphoton process, canno
considered general. In other words, there may be cases w
the absolute values of the probability amplitudes associa
with paths of decreasing multiphoton order would pa
through a broad maximum or would be of similar order
magnitude

Keeping the above arguments in mind, we proceed
considering two cases of dichromatic multiphoton ionizatio

~i! v25mv5(2k11)v. The replacement of 2k11 steps
of v15v, with onestep ofv25(2k11)v @see the path of
Fig. 2~b!#, results in a subspace of final states of the sa
energy and symmetry~even or odd parity!. Actually, the
lower the order of the multiphoton ionization is, the smal
is the subspace of the final states as regards their
angular-momentum eigenstates. For example, in He, for
process of Fig. 2~a!, the final-state subspace consists of co
tinuum states of symmetry1L with L5n1 ,n122,n124,...
and for the process of Fig. 2~b! the corresponding symmetr
is 1L with L5n122k, n122k22,n122k24,... . The next
path@see Fig. 2~c!# is constructed by replacing another gro
of 2k11 steps ofv1 with oneof (v2 ,F2 ,w2), and so on.

The total ionization rateG(v1 ,F1 ;v2 ,F2 ,w2) is obtained
from the square of the absolute value of the sum of the pr
ability amplitudes of the various paths to the same fi
states whose energies range fromE01n1v1 to E01n2v2
and whose parities may be even or odd. We write

G„v15v,F1 ;v25~2k11!v,F2 ,w2…;U(
p

Qpeipw2U2

1¯ , ~2!

where p changes in steps of 1 andQp are the ionization
probability amplitudes of each path. Each additive factor
the right-hand side of Eq.~2! consists of a summation o
terms of different orders of magnitude. Indeed, as we m
tioned before, one of theQp’s represents the maximum valu
(QM). With the heuristic assumption thatQM andQM61 are
the leading terms in each factor of Eq.~2!, the quantum
interference is driven by two terms

G„v15v,F1 ;v25~2k11!v,F2 ,w2…;A1B cos~w2!1¯ .
~3!

With increasing field strengths, the higher terms of Eq.~3!
should come into play. In the cases where theQp’s pass
through a broad maximum or are of similar order of mag
tude, the higher terms of Eq.~3! acquire significant values
even for weak-field strengths. We point out that Chen a
Elliot @6# deduced a cosine dependence of the type~3! for the
particular case of their pioneering~v, 3v! experiments on
the 6s 1S→6p 1Po transition in atomic mercury with lase
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pulses consisting of an intense component ofl15554 nm
and a weak component ofl25185 nm.

~ii ! v25mv5(2k)v. Unlike case~i!, the replacement of
2k steps of (v1 ,F1) with one step of (v2 ,F2 ,w2) does not
result in a subspace of final states of the same parity. Inst
it is the replacement of 2(2k) steps~of v1 ,F1) by two steps
of (v2 ,F2 ,w2) that gives a path which ends in a subspace
final states of the same energy and parity@see Fig. 2~e!#. The
next path, depicted in Fig. 2~f!, is obtained by replacing an
other group of 2(2k) steps of (v1 ,F1) with two steps of
(v2 ,F2 ,w2), and so on. Similarly to the case~i!, the total
ionization rate is given by

G„v15v,F1 ;v25~2k!v,F2 ,w2…;U(
p

Q2pei2pw2U2

1¯ .

~4!

Following the same arguments as before@case~i!#, we con-
clude that the MPIR is driven by two terms:

G~v15v,F1 ;v25~2k!v,F2 ,w2!;A1B cos~2w2!1...
~5a!

5A81B8 cos2 ~w2!1¯ . ~5b!

Again, the higher-order terms of Eq.~5! should acquire sig-
nificant values with increasing field strengths. This is inde
found from our computations, whose results are presente
the following section. In the cases where theQp’s pass
through a broad maximum or are of similar order of mag
tude, the higher terms of Eq.~5a! acquire significant values
even for weak-field strengths. We point out that the dep
dence of the type~5! was reported by Szo¨ke, Kulander, and
Bardsley@7#, who obtained it by simply fitting the measure
ments of Muller et al. @5#, where Kr was irradiated by a
dichromatic field withl151064 nm and its second harmon
l25532 nm.

III. POLYCHROMATIC MEMPT AND APPLICATION TO
HE FOR WEAK AND STRONG FIELDS

We now turn to the calculation from first principles of th
MPIRs of He interacting with polychromatic fields. The ca
culations are quantitative since they incorporate the effect
electronic structure and of correlations. In order to do this
adapt the MEMPT to the case where the external ac field
superposition of a linearly polarized field and its harmoni

F~ t !5 (
m51

Nc

Fm cos~vmt1wm!, ~6!

where vm is the integer multiple of the fundamental fre
quencyv.

As discussed in@1,22,23#, the physics of multiphoton ion-
ization induced by a constant interaction of an ac field w
an atom can be formulated in terms of a state-specific c
plex eigenvalue Schro¨dinger equation, whose eigenfunctio
consists of two parts that are represented by different ty
of function spaces. Their distinct physical content and
complex eigenvalue emerge naturally from an argum
1-3
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THEODOROS MERCOURIS AND CLEANTHES A. NICOLAIDES PHYSICAL REVIEW A63 013411
based on configuration-interaction between the field-dres
discrete state and the ionized continuum and consideratio
the asymptotic form under resonance boundary conditio
This asymptotic form expresses an outgoing wave with co
plex energy~Gamow orbital!, which is not square integrable
As a result, the corresponding matrix elements are diverg
However, these can be regularized even for the electric fi
linear potential with the help of the Dykhne-Chaplik tran
formation r5eiu on the coordinate of the Gamow orbit
@24#. In this way, the sought-after solution becomes squ
integrable (L2) but the problem is now non-Hermitian.

By generalizing the MEMPT to the case of the field of E
~6!, the atom plus field Hamiltonian in the linearly polarize
electric-dipole approximation has the form

H5Hatom1 (
m51

Nc

\vmavm

† avm

2 1
2 (

m51

Nc

Fmz~eiwmavm

† 1e2 iwmavm
!, ~7!

whereavm

† andavm
are the photon creation and annihilatio

operators.
The complex eigenvalue can be written as

z05E01D~v1 ,F1 ;v2 ,F2 ,w2!2 1
2 iG~v1 ,F1 ;v2 ,F2 ,w2!,

~8!

where E0 is the free atomic state energy,D is the energy
shift, andG is the MPIR.

Following earlier work on the complex eigenvalue Sch¨-
dinger equation for field-free resonance states, we have
vocated that the many-electron, many-photon problem
simplified in a practical way by aiming at the separation
the function space representing the electronic structure
correlation effects contributing to the initial bound state
from the contribution of the scattering functions, which i
teract with the bound states via the external field of Eq.~6!
and cause the energy shiftD and widthG. This separation is
crucial for the solution to all orders of the problem of com
puting properties of many-electron atoms in strong ac fie
Formally, theL2 solution C0(r), which is connected adia
batically to the initial unperturbed atomic statec0 , is ex-
pressed as

uC0~r!&5(
i ,n

a i ,n~u!uc i~r!;n&1(
j ,n

bj ,n~u!uXj~r!;n&,

~9!

wherec i denotes bound states and the localized parts of
autoionizing states,Xj denotes theL2 ‘‘scattering’’ states,
andn is the index for the photon states. Expansion~9! is the
same as the one used in the monochromatic case@Nc51 in
Eq. ~6!#, since the frequencies of the dichromatic~or poly-
chromatic in the general case! field are commensurate. Th
only photon states used are those of the fundamental
quency. Otherwise, it would be necessary to use for e
01341
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frequency separate photon states, a fact which increases
siderably the numerical load toward the solution of t
MEMP problem.

Using the many-electron, many-photon basis set of
~9!, we construct the state-specific matrix equation

HFx5z0x ~10!

where the structure ofHF is shown in Fig. 3. The eigenvec
tor x consists of the coefficientsa i ,n(u) andbj ,n(u) of Eq.
~9!. The building blocks ofHF shown in Fig. 3 are

An5A1nvI , ~11a!

Bm5FmVeiwm, ~11b!

Bm* 5FmVe2 iwm, ~11c!

whereA is the free-atom Hamiltonian matrix andV is the
interaction Hamiltonian matrix in the basis set of Eq.~9!.

By separating the infinite matrixHF in the way shown in
Fig. 3 ~white and gray shaded areas!, the eigenvalue problem
is seen to be similar ‘‘topologically’’ to that of the mono
chromatic case. Hence, the numerical methods for its s
tion can be carried over from the one color case@1,22,23#.
This approach allows the systematic polyelectronic treatm
of the polychromatic MEMP problem for any number
commensurate frequencies. However, it is easily seen
the size of the computation and the requirements for co
puter time increase very rapidly asNc increases. In this
work, we went up toNc54, since this is sufficient both a
regards the possible execution of experiments and as reg
the demonstration of the form that the dependence of
MPIRs has on the phase difference, for weak and for str
fields.

The MEMPT is implemented from first principles b
choosing, manipulating, and optimizing appropriate on
electron andN-electron basis sets, representing the electro

FIG. 3. The atom-field polychromatic Hamiltonian matrixHF

~see text! is separated appropriately~white and gray areas!, so as to
permit the formulation of the corresponding eigenvalue problem
a manner similar to that of the monochromatic case previou
solved.
1-4
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structure and electron correlation of bound, autoionizing,
scattering states. Because of the large size of the proble
diagonalizingHF of Fig. 3, it is important to use function
spaces which secure that the results contain all the signifi
physical information, while keeping the computational effo
as low as possible. The correlated function space used fo
construction ofHF in this work was the one that was pre
sented in@1#. Therefore, we do not repeat it here. Briefly, t
space ofc i in Eq. ~9! contains bound two-electron function
of real coordinates for the discrete states~ground and Ryd-
berg! up to total angular momentumL55, which are com-
puted by the numerical multiconfigurational Hartree-Fo
~MCHF! method@25#, state-specific wave functions for th
lowest-lying autoionizing doubly excited states, and 82 d
bly excited correlating configurations constructed from a
lytic virtual orbitals, with totalL50,1,2,3,4. The space ofXj
of Eq. ~9! containsL2 two-electron functions of the form
1s^ e l , where the orbitale l is expanded in terms of Slate
type orbitals~STO! with a complex coordinate

jk~r* !5jk~re2 iu!5Ck~u!r ke2ar* . ~12!

For eachl ( l 50,...,5) the continuum orbitals were expand
in ten jk(r* ), except forl 55, for which eightjk(r* ) were
used.

The convergence of the calculation is achieved when,
a reasonable range of the values of the parameters prese
the basis set and of the number of the photon blocks inHF ,
the complex eigenvalue remains essentially unchanged.
cifically, it was found that convergence was establish
when the number of the blocks reached ten or eleven,
when the parameters in Eq.~12! are a51.5 and u
50.3 rad.

IV. RESULTS FOR HE IRRADIATED BY A
DICHROMATIC ac FIELD OF lÄ248 nm „v1ÄvÄ5 eV…

AND ITS HIGHER HARMONICS „v2Änv,
nÄ2,3,4…

Given the arguments of Sec. II, we divide the results w
respect to the order of the harmonics.

A. Even harmonics †v2Ä„2k…v‡

1. v2Ä2v.

Figure 4 shows the MPIR of the He ground state irra
ated by linearly polarized field of frequencyv
50.183 73 a.u. (l5248 nm) with intensity I 154.5
31013W/cm2 and by its second harmonic withI 256.1
31012W/cm2, as a function of cos(2w2). Even though the
MEMPT calculation is nonperturbative, what has emerge
very good linear dependence of the rate on cos(2w2), in ac-
cordance with the prediction given in Sec. II. The dotted l
in Fig. 4 represents the fitted polynomial in powers
cos(2w2), to theab initio rates

G5A1B1cos~2w2!1B2cos2~2w2!1¯ , ~13!
01341
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with A54.2331027 a.u., B158.1631028 a.u., B254.2
310210a.u. The coefficient of the quadratic term is mo
than two orders of magnitude smaller thanB1 . On the other
hand, for I 153.531014W/cm2 and I 253.231013W/cm2,
the rates deviate from the linear dependence on cos(w2)
~Fig. 5!. The fitted polynomial of Eq.~13! ~dotted line in Fig.
5! yields the following coefficients: A52.231024 a.u.,
B154.331025 a.u.,B257.031026 a.u. In this case, the co
efficient B2 is less than an order of magnitude smaller th
B1 .

2. v2Ä4v.

Figure 6 shows the MPIR of He forI 15131014W/cm2

and I 25131012W/cm2, as a function of cos(2w2). Again, a
linear dependence is obtained. What is interesting is that
linear dependence persists even when the intensityI 1 for the
fundamental frequency is beyond the domain of the valid
of the LOPT.~For a one-color MPIR withv55 eV, LOPT

FIG. 4. Multiphoton ionization rates~G in a.u.! of the He ground
state irradiated by a linearly polarized field of frequencyv
50.183 73 a.u. (l5248 nm) with intensityI 154.531013 W/cm2

and by its second harmonic (v252v) with I 256.131012 W/cm2,
as a function of cos(2w2). The dotted line represents the fitted pol
nomial of Eq.~13!.

FIG. 5. As in Fig. 4, but forI 153.531014 W/cm2 and I 253.2
31013 W/cm2.
1-5



w
o
-

b
s o

(

ef

ch

He
adi-

on
its

ial
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breaks down aroundI 5731013W/cm2. For weak intensi-
ties, five 5-eV photons are needed for ionization of He. Ho
ever, forI 15131014W/cm2, six photons are required due t
the ponderomotive shift.! The coefficients of the fitted poly
nomial ~dotted line in Fig. 6! are nowA52.4831025 a.u.,
B152.8331028 a.u., B2522.63310210a.u. By increasing
the intensities to I 152.2431014W/cm2 and I 253.5
31012W/cm2, a deviation from the linear dependence is o
tained, as is shown in Fig. 7. The values of the coefficient
the fitted polynomial~dotted line! are A51.0331024 a.u.,
B157.6231028 a.u., B258.831028 a.u.

B. Odd harmonics †v2Ä„2k¿1…v‡

(1). v2Ä3v

Figure 8 shows the MPIR of He forI 15131014W/cm2

and I 25131012W/cm2, as a function of cos(w2). As in Fig.
6, the rate is governed by a linear dependence on cosw2),
even though the intensityI 1 is beyond the domain of the
validity of the LOPT for the monochromatic case. The co
ficients of the fitted polynomial~dotted line!

FIG. 6. As in Fig. 4, but forv254v, I 15131014 W/cm2 and
I 25131012 W/cm2.

FIG. 7. As in Fig. 6, but forI 152.2431014 W/cm2 and I 2

53.531012 W/cm2.
01341
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G5A1B1 cos~w2!1B2 cos2~w2!1¯ ~14!

are A52.7531026 a.u., B151.5631026 a.u., B255.82
31028 a.u.

An increase of the intensities toI 151.731014W/cm2 and
I 251.431013W/cm2 results in dependence of the rate whi
is not linear with respect to cos(w2). This is shown in Fig. 9.
When we fit the polynomial of Eq.~14! to the MEMPT val-
ues, the values of the coefficients areA55.0431025 a.u.,
B152.231025 a.u., B253.831026 a.u.

V. CONCLUSION

The analysis and the quantitative MEMPT results for
presented in this paper indicate that when atoms are irr
ated by weak dichromatic ac fields (F1 , v15v; F2 , v2
5mv, w2), path interference is such that the multiphot
ionization rate is governed by a simple rule as regards

FIG. 8. Multiphoton ionization rates~G in a.u.! of the He ground
state irradiated by the linearly polarized field of frequencyv
50.183 73 a.u. (l5248 nm) with intensityI 15131014 W/cm2 and
by its third harmonic (v253v) with I 25131012 W/cm2, as a
function of cos(w2). The dotted line represents the fitted polynom
of Eq. ~14!.

FIG. 9. As in Fig. 8, but forI 151.731014 W/cm2 and I 251.4
31013 W/cm2.
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relation to the phase differencew2 . Indeed, for odd (m
52k11) higher harmonics, the MPIR varies linearly wi
cos(w2), whilst for even higher harmonics it varies linear
with cos(2w2). This behavior provides an index for definin
the domain of weak fields in the dichromatic case, just l
the dependence of the rate onI n, as it is clearly derived from
the LOPT, provides the index for weak fields in the mon
s

et

A

ys

a.

ev

01341
e

-

chromatic case. Given this distinction, wherever the analy
of Sec. II is valid, one may define the strong-field regime
the dichromatic case for spectra such as those of He
other noble gases, as that combination of the two intens
whereby the dependence of MPIR onw2 is no longer simple,
since terms with higher powers of cos(w2) and cos(2w2) con-
tribute significantly.
Y.
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