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Quantum-mechanical versus semiclassical calculations of dc-field-induced tunneling rates
of Li 1 s22s 2S, 1s22p 2Po, and 1s23d 2D

Spyros I. Themelis and Cleanthes A. Nicolaides*
Theoretical and Physical Chemistry Institute, National Hellenic Research Foundation, 48 Vas. Constantinou Avenue,

11635 Athens, Greece
~Received 5 October 1998!

The dc-field-induced tunneling rates for Li 1s22s 2S, 1s22p 2Po, and 1s23d 2D states were computed from
our previously published nonperturbative, many-electron quantum-mechanical theory. The results are com-
pared to those obtained using formulas derived from one-electron semiclassical models. For small values of the
field strength, the results exhibit the same behavior. However, quantitative as well as qualitative differences are
observed for strong fields.@S1050-2947~99!04103-7#

PACS number~s!: 32.60.1i, 31.15.Ar
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When an atomic state is subjected to an external dc fi
its energy is shifted and broadened, the latter being the re
of field-induced tunneling~FIT!. This is the LoSurdo-Stark
effect. The quasidiscrete spectrum of theN-electron Hamil-
tonian containing the perturbing electric dipole operator c
sists of quasibound resonances corresponding to the dis
as well as to the resonance states of the free-atom Ha
tonian. The dc-field-induced resonance eigenfunctions h
complex eigenvalues and special boundary conditions a
result of the appropriate mixing of bound and scattering ba
wave functions@1#. Work from this institute has shown~see
Refs.@1–5# and reference therein! how the regularization of
these eigenfunctions by the transformationr→r5reiu, first
proposed by Dykhne and Chaplik@6# in the case of short-
range potentials, and the subsequent diagonalization
complex eigenvalue matrix equation constructed in terms
suitably chosen, state-specific square-integrableN-electron,
symmetry-adapted configurations of real and complex co
dinates, reduce the many-electron problem~N-electron atom

FIG. 1. Field-induced tunneling half-width for Li 1s22s 2S, cal-
culated from the presentab initio theory and from the formula o
the WKB approximation.
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plus electric field! to systematic computational steps that c
be handled in a practical way for arbitrary structures of po
electronic atoms.

In a recent paper, Fisher, Maron, and Pitaevskii@7# re-
ported applications of the WKB approximation to the calc
lation of FIT rates~FITR! of Li states~one electron outside a
core! and C states~equivalent electrons!. As regards the
treatment of the many-electron problem through the exp
sions of Ref.@7#, it seems to us that further analysis an
computation as well as measurements are needed in ord
acquire a good understanding of the meaning and accu
of the assumptions and approximations used in Ref.@7#. On
the other hand, the treatment of pseudo one-electron syst
such as the 1s22s 2S, 1s22p 2Po, and 1s23d 2D states ex-
amined in Refs.@4,7#, via a one-electron expression, is ju
tifiable conceptually in the context of the WKB approach,
which case only the question of quantitative accuracy a
function of field strengths, is raised.

Fisher, Maron, and Pitaevskii@7# compared their Li FITR
results with our earlier ones@3,4#. A strong discrepancy, o
orders of magnitude, was observed in Li 1s22p 2Po for field
strengths~F! below 22 MV/cm and on the order of magn
tude of Li 1s22s 2S for field strengths above 75 MV/cm
~For the 1s23d 2D state, they reported agreement with o

-
FIG. 2. Field-induced tunneling half-width for Li 1s22p 2Po,

M50 and Li 1s22p 2Po, uM u51 states calculated from the prese
ab initio theory and from the formula of the WKB approximation
2500 ©1999 The American Physical Society
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result forF54 MV/cm ~Ref. @7#, p. 2217!. They stated that
our ‘‘numerical calculations have been performed by solv
the time-dependent Schro¨dinger equation using a truncate
basis of Hartree-Fock~HF! functions,’’ and offered an expla
nation for the discrepancy by attributing it to the insuf
ciency of the HF functions at large radii~Ref. @7#, p. 2217!.

In view of these new results and their interpretation,
repeated our quantum-mechanical calculations using la
and better optimized function spaces.~Incidentally, our ap-
proach@3,4# does not solve the time-dependent Schro¨dinger
equation, as is stated in Ref.@7#!. It turns out that our earlier
calculations, which had used slightly smaller and less w
optimizedQ ~bound states! and P ~high-lying Rydberg and
scattering states! spaces due to computer power limitation
led to wrongly converged results for small field values in t
case of the Li 1s22p 2Po state. The new results, reporte
below, agree with the WKB results at small-F values. How-
ever, the reason for the previous discrepancy, which is
object of discussion in Ref.@7#, is not related to the hypoth
esized inaccuracy of the HF radials at large distanc
Rather, the reason is, simply, that the set of virtual orbitals
theP space was not large and flexible enough. We point
that, because of the~near! exponential dependence of th
FITR on F, as F becomes smaller the FITR acquires ve
small values very rapidly. As with every theory of a pheno

TABLE I. Field-induced tunneling width for Li 1s22s 2S cal-
culated from the presentab initio theory and from the semiclassica
approach of Ref.@7#. The difference between the two calculatio
increases with increasing field strength.

F ~a.u.! Gab initio/2 ~a.u.! GWKB/2 ~a.u.!

0.0010 2.620310267

0.0030 3.407310220

0.0050 4.786310211

0.0051 ,10210 8.800310211

0.0052 ;1.310210 1.579310210

0.0053 2.310210 2.770310210

0.0054 3.310210 4.756310210

0.0055 5.310210 8.000310210

0.0056 1.031029 1.3203 1029

0.0057 1.431029 2.1383 1029

0.0058 2.431029 3.4053 1029

0.0060 5.431029 8.2263 1029

0.0062 1.1931028 1.8733 1028

0.0065 3.5031028 5.8283 1028

0.0067 6.7831028 1.1713 1027

0.0070 1.69331027 3.0853 1027

0.0080 2.06231026 4.4953 1026

0.0090 1.33231025 3.5043 1025

0.0100 5.49831025 1.7683 1024

0.0110 1.63931024 6.5173 1024

0.0120 3.83131024 1.9013 1023

0.0150 1.96631023 1.8703 1022

0.0180 4.91831023 7.9793 1022

0.0200 7.46931023 1.5983 1021
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TABLE II. ~a! As in Table I for Li 1s22p 2P0,M50. The dif-
ferences between theab initio and the WKB calculations are com
parable to those of Table I.~b! As in ~a! for Li 1s2p 2P0, uM u
51.

F ~a.u.! Gab initio/2 ~a.u.! GWKB/2 ~a.u.!

~a!

0.0005 7.695310269

0.0015 7.245310220

0.0020 ,10210 6.160310214

0.0025 ;1.310210 1.917310210

0.0026 5.310210 6.514310210

0.0027 1.431029 2.0133 1029

0.0028 3.731029 5.7173 1029

0.0029 9.131029 1.5053 1028

0.0030 2.2731028 3.7033 1028

0.0031 5.1331028 8.5693 1028

0.0032 1.10131027 1.8763 1027

0.0033 2.24331027 3.9063 1027

0.0034 4.35731027 7.7683 1027

0.0035 8.11031027 1.4823 1026

0.0040 1.06131025 2.2363 1025

0.0045 6.89731025 1.7723 1024

0.0050 2.69231024 8.9843 1024

0.0055 7.26731024 3.3013 1023

0.0060 1.52031023 9.5483 1023

0.0065 2.67831023 2.3013 1022

0.0070 4.20431023 4.8143 1022

0.0075 6.10231023 8.9983 1022

0.0080 8.38331023 1.5363 1021

~b!

0.0005 1.474310271

0.0015 4.164310222

0.0020 4.720310216

0.0025 ,10210 1.837310212

0.0030 ;1.310210 4.257310210

0.0031 4.310210 1.0183 1029

0.0032 1.031029 2.3003 1029

0.0033 2.231029 4.9393 1029

0.0035 8.331029 1.9873 1028

0.0037 2.9431028 6.8373 1028

0.0040 1.42231027 3.4273 1027

0.0042 3.61431027 8.7823 1027

0.0045 1.19931026 3.0563 1026

0.0050 6.10831026 1.7213 1025

0.0055 2.18131025 6.9563 1025

0.0060 5.99431025 2.1953 1024

0.0065 1.35331024 5.7323 1024

0.0070 2.62531024 1.2913 1023

0.0075 4.52431024 2.5863 1023

0.0080 7.10931024 4.7103 1023
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enon produced by weak perturbation, the small-F regime is
expected to be well accounted for by a formula involvi
only one matrix element of the operator, coupling initial a
final states. On the other hand, the theory of Refs.@3,4# is
nonperturbative, involving a multitude of couplings an
searching for an accurate imaginary part of a complex eig
value. It follows that the numerical requirements on functi
spaces, matrix elements accuracies, and parameter optim
tion become rather stringent when computing very sm
FITRs by the all orders nonperturbative approach@1–5#.

The present calculation used aQ space which contained
numerical HF wave functions for all states 1s2nl 2L, n
52, . . . ,5,l 50, . . . ,n21. In order to account for core po
larization effects on the dipole matrix elements, we e
ployed the replacement@8,9#

rW→rWeff5rWH 12
ac

r 3 w3~r /r c!J , ~1!

where ac is the polarizability of the core 1s2 of Li1 (ac
50.1883 a.u.!, andr c is an effective core radius~1.426 a.u.!.
w3(x)512e2x3

is a cutoff function.
The P space contained configurations where the« l orbit-

als have l<7. We used ten complex Slater-type orbita
~STO’s! with l 50, ten STO’s withl 51, ten STO’s withl
52, eight STO’s withl 53, six STO’s withl 54, four STO’s
with l 55, four STO’s withl 56, and two STO’s withl 57.
The form of each complex STO isr n1 l 11e2bre2 iu

. The op-
timal value ofb ~common to all STO’s! was 0.25, for which
the complex eigenvalue was stable for a wide range ou
values.

The results for the 1s22s 2S and 1s22p 2Po, M50 and
1s22p 2Po, uM u51 states of Li are presented in Tables I a
II and in Figs. 1 and 2. The results of the WKB formula us
in Ref. @7# are also presented in the same tables and figu
Although the trends of the variation of the widthG(F) as a
function of the field intensity,F, are the same, as the fie

TABLE III. Quantum-mechanical and WKB field-induced en
ergy widths for the ground state of the hydrogen atom. All valu
are in a.u.

F G this work G8 @10# GWKB

0.03 1.12031028 1.11831028 1.48931028

0.04 1.94931026 1.94431026 2.88931026

0.05 3.85831025 3.8531025 6.47831025

0.10 7.27031023 7.2731023 2.54531022

0.15 3.00131022 2.9831022 1.56631021

0.20 6.05931022 6.231022 3.56731021
n-

za-
ll

-

s.

strength increases, the disagreement between the quan
mechanical and WKB values grows. We point out that t
behavior also characterizes the purely hydrogenic poten
This is shown in Table III, where we presentab initio results
produced by us@1# and also by Ivanov@10# for the FITR of
H 1s, together with the WKB result of the simple formul
@11#

GH~F !5
4

F
e22/3F. ~2!

The trends for the case of the 1s23d 2D uM u50 and 1,
states show a greater discrepancy for large fields.~The re-
sults produced here are almost identical with those given
Ref. @4#!. Figure 3 presents our results for the 1s23d 2D,
M50 and 1s23d 2D, uM u51 states, together with the re
sults of the WKB formula. Fisher, Maron, and Pitaevskii d
not give values for the parameters in this case, and so
used the formulae proposed by Ilkov, Decker, and Chin@12#.
The observed difference between theab initio theory and the
semiclassical formula is due to the mixing of the states
differentL which becomes significant for strong fields. Su
mixings cannot be accounted for by the WKB formula. T
positive-energy shift for these two states causes their str
interaction with higher-lying Rydberg states and the co
comitant ‘‘anomaly’’ in the G(F). Therefore, in cases o
such wave-function mixings,~e.g., in excited states!, the one-
electron-based semiclassical formulas are liable to prod
even qualitatively erroneous results forG(F) as a function of
F.

FIG. 3. Field-induced tunneling half-width for Li 1s23d 2D,
M50 and Li 1s23d 2D, uM u51 states calculated from the prese
ab initio theory and from the formula of the WKB approximation
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