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Abstract – A nonlinear graphene reflective metasurface for third-harmonic generation in the 

THz band is presented. The proposed metasurface is analyzed and designed using a multimode 

framework for non-Hermitian systems incorporating 2D materials that is based on the concept 

of quasi-normal modes (QNMs) and can correctly estimate both linear and nonlinear responses 

of the metasurface. The conducted analysis using the QNMs framework allows for the correct 

encapsulation of the involved physics and the multimode interactions that mediate the complex 

frequency response of the metasurface and the process of the nonlinear frequency generation. 

 

 

I. INTRODUCTION 

 

The study of metasurfaces, i.e., artificial thin-film metamaterials composed of a single layer of periodically 

arranged subwavelength elements has become very topical during the last decade [1]. This is because, despite 

being electrically thin, they can strongly interact with incident radiation, due to the resonant nature of their unit 

cells (also termed meta-atoms). In addition, 2D materials, i.e., natural sheet-type materials with a single- or few-

atoms thickness organically fit in the concept of metasurfaces. Consequently, they have been used as a key 

building block, allowing for a variety of application in the linear [1] and nonlinear regimes [2]. 

In this work, we analyze and design such a nonlinear metasurface incorporating the most prominent 

representative of the 2D materials family, graphene. The metasurface is designed for nonlinear frequency 

generation in the THz band. More specifically, we study the third-harmonic generation process, a nonlinear 

effect that is typically observed in graphene for moderate input intensities, also complemented with high 

conversion efficiencies [3] due to the tightly confined surface plasmons at the graphene-dielectric interface. The 

presented approach for the analysis and design of the metasurface is based on a recently developed multimode 

framework for non-Hermitian systems, i.e., systems that exhibit potentially significant ohmic loss and radiation 

leakage, and is based on expanding the scattered field on the basis if the supported quasi-normal modes (QNMs) 

[4,5]. The followed, modal-based approach allows to probe the underlying physics that govern the nonlinear 

process. It reveals interesting characteristics of the respective linear and nonlinear spectra that are better 

interpreted and understood with the considered multimode framework. 

 

 

II. QUASI-NORMAL MODES FRAMEWORK 

 

For the analysis and design of the considered metasurface, a multimode nonlinear framework that is based on 

the concept of quasi-normal modes in non-Hermitian systems is utilized. Non-Hermitian cavities support QNMs, 

whose properties are not as well-defined as those of normal modes supported by Hermitian systems [5]. QNMs 

exhibit interesting properties, with the most notable being the unphysical spatial exponential divergence of the 

field components outside the resonant cavity, a byproduct of the temporal decay that is experienced due to loss. 
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This behavior complicates the normalization of any QNM. Only recently this problem has been efficiently 

tackled [5], an important development that led to the proposition of elegant techniques to reconstruct the full 

linear spectrum of a system using only its QNMs in configurations incorporating both traditional bulk materials 

(dielectric and plasmonic scatterers, metasurfaces, photonic crystals, and gratings) [6,7] and, more recently, the 

emerging family of 2D materials (graphene, transition metal dichalcogenides, black phosphorus, etc.) [4]. In 

parallel, the study of expansions that additionally include nonlinear interactions have started to receive attention, 

albeit only a handful of works focused on this topic have appeared to date [4,8]. In this work, we capitalize on all 

these developments and utilize such a QNM-based framework in the analysis and design of a graphene-based 

metasurface for nonlinear third-harmonic generation taking loss, leakage, and dispersion rigorously into account.  

 

 

III. GRAPHENE METASURFACE FOR THIRD-HARMONIC GENERATION 

 

The proposed reflective metasurface consists of periodically arranged 5-μm wide graphene strips with a pitch 

of 10 μm [Fig. 1(a)], lying on a glass substrate of 19.5 μm height (n = 1.45). The quoted dimensions are chosen 

so that the metasurface pitch is subwavelength even at the third-harmonic frequency, i.e., no higher diffraction 

orders are supported, and also perfect absorption is realized at the fundamental frequency for normal incidence. 

The latter condition has been shown to optimize the conversion efficiency (CE) of the nonlinear process [3]. 

Figure 1(b) depicts the complex resonance frequencies of the supported QNMs and the mode profiles of the 

resonances that are exploited to further enhance the CE (insets). The QNMs were calculated using a modified 

finite-element method [4,7], implemented with the commercial software COMSOL Multiphysics®. Although 

they are of Fabry-Pérot nature (the supported graphene plasmons form standing waves along the x axis), the 

resonances are not equidistant due to the strong dispersion of graphene in the THz band. Thus, an appropriate set 

of two modes should be chosen so that their respective resonance frequencies feature a ratio of approximately 

1:3; for the studied metasurface and the quoted geometrical parameters, we work with the QNMs of order m = 3 

and m = 25 [insets of Fig. 1(b)]. 
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Fig. 1. (a) Schematic of the proposed graphene metasurface. The metasurface dimensions and the plane-wave excitation 
under oblique incidence are clearly marked. (b) Spectral distribution of the calculated QNMs, along with spurious modes 
returned by the solver. QNMs are not equidistantly distributed along the real axis due to strong graphene dispersion in the 
THz band. (c) Scattering CE of the metasurface for various angles of incidence, calculated using the multimode framework; 
for θ = 0ο the framework is validated using full-wave nonlinear simulations. (d) Absorbed power at the third harmonic 
frequency for θ = 30ο. Two distinct peaks appear due to the multimode nonlinear interactions (see text). 
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A TM plane wave (magnetic field H along the z axis) is used to excite the metasurface, with its frequency 

being around 7.46 THz, in the vicinity of the resonance frequency of the m = 3 QNM. Due to the perfect 

absorption condition that is met, no reflection is obtained, and the frequency conversion process is enhanced [3]. 

The resulting scattered wave CE at the third-harmonic frequency is shown in Fig. 1(c) for various angles of 

incidence, assuming a moderate input power of Pin = 100 W/m. Optimum CE (over -20 dBs or 1%) is obtained 

for normal incidence. For that case, the spectrum retrieved using the nonlinear QNMs framework is compared 

with full-wave nonlinear simulations [4], showing very good agreement between the two. As the angle of 

incidence deviates from θ = 0ο, it is expected that CE will deteriorate since the perfect absorption condition will 

not be exactly met; however, we find that CE remains over -30 dBs even for θ = 40ο. 

Another very interesting fact is the appearance of two distinct peaks in the calculated spectra, something that 

is more evident in Fig. 1(d) where the absorbed power at the third-harmonic frequency is plotted in linear scale 

for θ = 30ο. This can be easily explained using the QNMs approach. The first peak emerges at the third harmonic 

of the fundamental QNM resonance frequency, even though no QNM is found having exactly that resonance 

frequency. This is due to the linewidth of the modes, which is relatively large (relatively low Q-factors, in the 

order of 103). The second peak lies exactly at the resonance frequency of the m = 25 QNM and exists due to the 

conversion process of incident light with frequency in the vicinity of the m = 3 QNM but not exactly at its 

resonance. The fact that the excitation frequency is off-resonance in this case justifies the lower amplitude of the 

second peak. However, note that the amplitude of the second peak grows larger as the incidence angle deviates 

from normal incidence [Fig. 1(c)]. This is attributed to the respective blueshift of the fundament QNM resonance 

frequencies as the incident angle increases. 

 

 

VI. CONCLUSION 

 

We have presented a nonlinear metasurface incorporating graphene for third-harmonic generation in the THz 

band. The metasurface is analyzed using a multimode framework for leaky and lossy non-Hermitian systems that 

allowed for better interpretation and understanding of the involved physics. The proposed system exhibits 

notable metrics in terms of conversion efficiency and relatively weak performance deterioration under oblique 

incidence. 
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